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Abstract. In the present day, non-ductile reinforced concrete (RC) members have still appeared in certain parts of the existing old 
buildings and bridges. These structures always exhibit shear failure when they have been subjected to seismic loading, resulting 
in a complicated problem for studying or simulating the behaviors of these structures. The soil-structure interaction is a part of 
these problems that are of interest and motivated in the current study. Therefore, this paper proposes a novel frame model on the 
Kerr-type foundation with the inclusion of the shear-flexure interaction for the analysis of the non-ductile RC members resting 
on the foundation. The proposed model is derived from the displacement-based formulation together with the Timoshenko beam 
theory. The effects of shear-flexure interaction are taken into account in the proposed model through the shear constitutive law. 
Finally, two numerical simulations are used to assess the capability, accuracy, and efficiency of the proposed model to 
characterize non-ductile RC members resting on the foundation. Furthermore, these simulations demonstrate the impact of the 
shear-flexure interaction on the responses of non-ductile RC members on the foundation. 

Keywords: Non-ductile RC member, Shear model, Kerr-type foundation, Virtual displacement principle, Finite element. 

1. Introduction 

Soil-structure interactions have been an interesting topic in the engineering fields, which have an impact on both the 
economy and the safety of the structures and foundations, especially in construction projects. Furthermore, this topic has 
resulted in several engineering applications in the modern era, such as highway pavement [1-2], underground tunnels [3-4], 
railway tracks [5-6], pipelines [7], and micro/nanotechnology [8-10], among others. To deeply understand the static and dynamic 
behaviors of these interaction problems, reliable models are desired to represent the sophisticated characteristics of the 
interaction between the structures and foundations. As a result, several researchers aim to develop and propose numerical 
structural models on the foundation that are verified by experiments and simulations [11-18]. Among these models, they can be 
grouped into two major approaches, namely, (a) the continuous medium model [18-20] and (b) the discrete subgrade spring model 
[21-23]. For the first approach, the continuous medium model [18-20] can represent the comprehensive responses that vary within 
the structural system on the foundation. However, this model approach is not very popular due to the intricate boundary 
problems involved in obtaining the solutions [24]. This leads to several problems and troublesomeness in engineering practice. To 
overcome the limitations of the continuous model, the subgrade model [21-23] is an alternative approach to represent the 
interaction between the foundation and structures. This model approach strikes a balance between discretization and accuracy 
and is appropriate for large-scale systems, resulting in a popular approach for applying to soil-structure interaction problems [25-
30]. Therefore, this study employs the concept of the discrete subgrade model to develop the frame model on the foundation 
model for the analysis of the structural members resting on the foundation. 

Among the subgrade foundation models, the Winkler foundation model [31] is the fundamental foundation model, which 
represents the sophisticated characteristics of soil/foundation with 1-D independent springs attached along with the structural 
members. Based on this foundation model, the foundation springs are addressed with only one subgrade modulus. As a result, 
this foundation model is defined as a “one-parameter” foundation model. The Winkler foundation’s fundamental assumption is 
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that each foundation spring model is independent and non-interactive with itself. Based on this hypothesis, there are 
discontinuous responses obtained from this model approach as widely found in the literature [25-30]. To overcome these 
drawbacks of the Winkler foundation model, a series of two-parameter foundation models [32-35] and three-parameter 
foundation models [36-37] is proposed. As its name implies, the conceptual coupling among the Winkler springs is considered and 
accounted for in these foundation models based on the different mediums as represented by the additional parameters. The Kerr-
type foundation [37] is one of the three-parameter foundation models [36-37], which stems from the Winkler foundation [31] and 
Pasternak foundation [33]. The foundation medium is simulated with two Winkler spring layers attached to the incompressible 
shear layer. This foundation model is of interest for modeling the sophisticated characteristics of the foundation-structure 
interaction since it can reliably capture the degree of foundation-surface continuity inside and outside the load regions of the 
structure-foundation systems [38]. As a result, the Kerr-type foundation has been employed in solving soil-structure interaction 
problems in the past two decades [38-43]. For example, Cai et al. [39] studied the free vibration behaviors of the cylindrical panel 
system on the foundation based on the notion of the Kerr-type foundation. Avramidis and Morfidis [40] proposed parametric 
studies of the beam on the elastic foundation with an infinite or finite length based on the Kerr-type foundation model compared 
to the Winkler foundation and two-parameter foundation. Limkatanyu et al. [38] presented the exact element stiffness matrix of 
the Euler-Bernoulli beam on the Kerr-type foundation for the static investigation of the responses of the beam problems resting 
on the foundation. Zhang et al. [41] employed the Kerr-type foundation to investigate the buckling characteristics of a beam 
bonded to an elastic foundation. Wang et al. [42] used the idea of the Euler-Bernoulli beam on the Kerr-type foundation to study 
the settlement of low reinforced embankments on a soft foundation. Jena et al. [43] studied the free vibration of a functionally 
graded (FG) porous beam embedded in the Kerr foundation based on the shifted Chebyshev polynomial-based Rayleigh–Ritz 
method and Navier’s technique. All the mentioned studies [38-43] have well demonstrated the ability to represent the soil-
structure interaction of the Kerr-type model. Therefore, this work aims to develop the frame-foundation model based on the 
concept of the Kerr-type foundation. 

Regarding the non-ductile reinforced concrete (RC) members, these structures have been found in the old existing buildings 
and bridges designed and constructed before the enforcement of the modern seismic design codes (before the 1980s). These 
members (with small span-to-depth ratios) always fail in non-ductile failures (brittle failures), i.e., shear failures and/or flexure-
shear failures, due to the insufficient details of the transverse reinforcement. As a result, the influence of shear also plays an 
important role in the control of failure among these members [44-48]. In terms of the engineering design for the RC structures, 
these non-ductile failures should be avoided [49]. However, it is well known that the mechanism related to the shear effect is 
highly complicated [44-51]. Thus, several strategies [52-53] to account for the shear behavior within the structural models have 
been developed and proposed, as excellently reported by Ceresa et al. [54]. For example, the Modified Compression Field Theory 
(MCFT) of Vecchio and Collins [52] is a technique that can capture the in-plane shear and axial stresses by considering the 
equilibrium, compatibility, and material constitutive relations and then expressing them through the average stresses and 
average strains at the fiber-section level. The truss analogy [53] is the method that considers the shear behavior equivalent to the 
truss model. The shear responses of this approach can be obtained from the strut-and-tie model, etc. 

In addition to the influence of shear, several studies and experiments [44, 45, 55-58] found that the shear capacity was 
influenced by the inelastic flexure deformation. This phenomenon is associated with the flexure-shear cracks widening and 
prevents the shear transformation in the concrete driven by aggregate interlocking. This leads to a so-called “shear-flexure 
interaction” [59]. To address the shear behavior together with the shear-flexure interaction effects, the development of rational 
models for assessing non-ductile RC structures is required and is a challenging task in structural engineering. In the past two 
decades, various frame element models have been developed to characterize the shear-flexure interaction in the non-ductile RC 
members [60-66]. Fiber section models with advanced analytical methodologies are among the models that are popular for use. 
For example, Marini and Spacone [60] employed the force-based fiber frame model to capture the shear-flexure interaction in RC 
columns. The shear and flexural mechanisms of their model [60] are coupled through the force-based formulation and 
Timoshenko beam theory at the element level. Although this model can represent the salient features of non-ductile RC columns, 
the shear constitutive must be calibrated on a case-by-case basis for each simulation. Martinelli [61] proposed the stiffness-based 
fiber element with the inclusion of the shear-flexure interaction for the analysis of the RC element subjected to cyclic loading. 
Cerasa et al. [62] used the MCFT to develop the displacement-based fiber beam element for the seismic analysis of the RC 
columns. The shear and flexure interacted at the fiber-section level via the MCFT principal as its model strategy. Feng and co-
workers [63-64] used the multi-dimensional damage model to account for the shear-flexure interaction within the displacement-
based fiber frame element for simulating the flexure-shear RC columns under cyclic loading. Although the models of Martinelli 
[61], Cerasa et al. [62], and Feng and co-workers [63-64] are of interest, their usage has been limited to computational expenses of 
practical usage due to several difficulties, such as high computational cost, complicated multi-dimensional constitutive relations, 
and high implementation effort. Subsequently, Sae-Long et al. [65-66] developed the displacement-based [65] and force-based [66] 
fiber frame models with the developed shear constitutive relations from Mergos and Kappos [67-68] to capture the shear-flexure 
interaction effects in the non-ductile RC columns. Their model’s accuracy and performance are confirmed and validated through 
both experiments and numerical simulations. Furthermore, the model approach of Sae-Long et al. [65-66] is friendly to 
engineering practice due to the simplified model input parameters. 

Up to date, the flexure-shear-interaction RC frame models on the foundation are rather limited. For example, Sae-Long et al. 
[69] applied the shear constitutive with the inclusion of the shear-flexure interaction effects of Sae-Long et al. [65-66] to present 
the displacement-based fiber frame model on the Winkler foundation for analysis of the non-ductile RC members on the 
foundation. Although this model is of interest, this foundation-frame model is limited only to the one-parameter foundation 
model (Winkler foundation). Therefore, based on the development path of the flexure-shear frame model on the foundation as 
above-mentioned, this paper aims to enrich the fiber frame element on the Kerr-type foundation with the inclusion of the shear-
flexure interaction for the analysis of the non-ductile RC frame problems resting on the foundation. The proposed model is 
established based on the displacement-based formulation under the kinematic assumptions of the Timoshenko beam theory [70]. 
The uniaxial constitutive relations are employed to address the characteristics of the RC frame and foundation. The shear-flexure 
interaction effects are considered within the shear constitutive model as proposed by Sae-Long et al. [65-66]. All numerical 
procedures in this work are done on the general-purpose finite element platform FEAP [71]. Therefore, from the best knowledge of 
the authors, this is the first time to present the non-ductile RC frame model on the Kerr-type foundation with the inclusion of the 
shear-flexure interaction effects. 

The directions for the presentation in this paper can be expressed as follows: In the first section, the governing differential 
equations of the proposed frame model on the Kerr-type foundation are introduced. It includes the equilibrium equations, 
compatibility equations, and force-deformation relations, respectively. Next, the displacement-based finite element formulation 
is presented. This approach is employed to derive the element stiffness matrix in this section. Subsequently, the shear model and 
its shear-flexure interaction procedures are presented. Then, two numerical simulations are provided to demonstrate the 
capability, accuracy, and efficiency of the proposed model. The first simulation examines the convergence studies, while the 
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second simulation is used to discuss the impact of the shear-flexure interaction effects on the responses of the proposed model. 
Finally, all the observations in this work are briefly concluded in the last section. 

2. Governing Differential Equations of RC Frames on Kerr-Type Foundation 

2.1 Equilibrium Equations 

Based on the concept of the Kerr-type foundation model [37-38], the RC frame system on a foundation is modeled as the 
frame-foundation system as illustrated in Fig. 1. This system comprises the RC frame, the shear layer, and two layers of 
foundation springs. Thus, the equilibrium equations of this frame-foundation system can be obtained by considering the 
equilibrium of an infinitesimal segment dx  of the frame and shear layer as follows. 

The axial, bending, and transverse equilibriums of the RC frame are derived in a direct manner from the free body diagram of 
an infinitesimal segment dx  of the frame, as shown in Fig. 2(a). These equilibrium equations can be expressed as: 

( )
0

dN x

dx
=  (1) 

( )
( ) 0

dM x
V x

dx
+ =  (2) 

( )
( ) ( )2 0y

dV x
w x D x

dx
+ − =  (3) 

where ( )N x , ( )M x , ( )V x  are the sectional axial force, bending moment, and shear force of the frame, respectively; ( )yw x  is 
the transverse distributed load; and ( )2D x  is the interactive force of an upper spring. 

As similar to the RC frame part, the transverse equilibrium of the shear layer is obtained from the free body diagram of an 
infinitesimal segment dx  of the shear layer, as shown in Fig. 2(b) as: 

( )
( ) ( )1 2 0sdV x

D x D x
dx

− + =  (4) 

where ( )sV x  is the sectional shear force in the shear-layer; and ( )1D x  is the interactive force of the lower spring. 
The governing equilibrium equations of Eqs. (1)-(4) can be expressed in matrix form as: 

( ) ( ) ( ) 0T T
F F S Sx x x+ − =L D L D P  (5) 

where ( ) ( ) ( ) ( )
T

F x N x M x V x =  D  is the frame sectional force vector; ( ) ( ) ( ) ( )1 2

T

S sx D x D x V x =  D  is the foundation sectional 
force vector; ( ) ( )0 0 0

T

yx w x =   P  is the external load vector; FL  and SL  are the differential operators, which can be defined 
as: 

0 0 0
0 0 0 1

0 0 0 and 0 0 1 1

0 0 00 1 0

F S

d

dx
d

dx
d

d
dx

dx

 
  
  
  
  
 = = − 
  
  
   −−       

LL  (6) 

From the equilibrium equations in Eqs. (1)-(4), it can be inferred that this frame-foundation system is internally statically 
indeterminate when there are six internal forces but only four equilibrium equations are available. As a result, the internal forces 
cannot be determined from the equilibrium equations alone. However, this problem doesn’t impact the displacement-based 
approach in this study since the internal forces are evaluated from the approximated displacements through the constitutive 
relations as discussed in the next section. 
 

 1 2 3 4 5 6 7 8

T
U U U U U U U UU

 1 2 3 4 5 6 7 8

T
P P P P P P P PP

 yw x

y

x

Foundation

RC frame

RC frame

Shear layer

1P

2P

3P

4P

5P

6P

7P

8P

 yw x

L

2k

1k
sG A

 0v x

 sv x

 0,x u x

 

Fig. 1. Conceptual RC frame model on foundation. 
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2.2 Compatibility Equations 

Based on the Timoshenko beam theory [70], the conjugate-work pairs of the internal forces for the RC frame as shown in the 
equilibrium equations (1)-(3) can be defined as: 

( )
( )0

0

du x
x

dx
ε =  (7) 

( )
( )0

0

d x
x

dx

θ
κ =  (8) 

( ) ( )
( )0

0 0

dv x
x x

dx
γ θ= −  (9) 

where ( )0 xε  is the sectional axial strain that is the work conjugate of the sectional axial force ( )N x ; ( )0 xκ  is the sectional 
bending curvature that is the work conjugate of the sectional bending moment ( )M x ; ( )0 xγ  is the sectional shear strain that is 
the work conjugate of the sectional shear force ( )V x ; ( )0u x , ( )0 xθ , and ( )0v x  are the displacement fields associated with the 
direction in axial, rotation, and transverse axis, respectively.  

The compatibility equations of the Timoshenko frame in Eqs. (7)-(9) can be written in the matrix form as follows: 

( ) ( )F Fx x=d L U  (10) 

where ( ) ( ) ( ) ( )0 0 0

T

F x x x xε κ γ =   d  is the frame sectional deformation vector; and ( ) ( ) ( ) ( ) ( )0 0 0

T

sx u x x v x v xθ =  U  is the 
displacement vector. 

As presented by Limkatanyu et al. [38], the compatibility equations of the upper and lower foundation springs are obtained by 
considering the geometrical deformations of these foundation springs in Fig. 1. Thus, the compatibility relations of the lower and 
upper foundation springs are: 

( ) ( )1 sd x v x=  (11) 

( ) ( ) ( )2 0 sd x v x v x= −  (12) 

where ( )1d x  and ( )2d x  are the foundation deformations of the lower and upper foundation springs, which are the work 
conjugate of the interactive forces ( )1D x  and ( )2D x , respectively; and ( )sv x  is the shear-layer displacement.  

According to the intermediary shear layer of the Kerr-type foundation, they stem from the concept of the shear layer as 
proposed by Pasternak [33]. As suggested by Limkatanyu et al. [38], the compatibility equation of the shear layer can be written as: 

( )
( )s

s

dv x
x

dx
γ =−  (13) 

where ( )s xγ  is the shear strain of the shear layer. 
The compatibility relations of the foundation in Eqs. (11)-(13) can be expressed in the matrix form as: 

( ) ( )S Sx x=d L U  (14) 

It is noteworthy to emphasize that the system equilibriums relate to the system compatibilities through the differential 
operators. This leads to a contragradient nature in the RC frame model on the Kerr-type foundation for this study. 

2.3 Force-Deformation Relations 

For the nonlinear constitutive relations to address the behavior of the RC frame on foundation, this study employs the 
uniaxial constitutive laws to represent the characteristics of each material, namely the Kent and Park concrete model [72], the 
Menegotto and Pinto steel model [73], the shear model as proposed by Sae-Long et al. [65-66], and the linear foundation models of 
Limkatanyu et al. [26] to represent the upper and lower foundation springs and shear layer. These constitutive relations are 
demonstrated in Fig. 3. Thus, the nonlinear force-deformation relations can be written as: 

( ) ( )F Fx xΦD d =    (15) 

( ) ( )S Sx xΩD d =    (16) 

   M x dM x

   V x dV x V x

 M x

Frame reference axis

 yw x

 2D x

dx

   N x dN x N x    s sV x dV x sV x
Shear layer reference axis

 2D x

 1D x

dx

 
                                     (a)                                                                    (b) 

Fig. 2. Free body diagrams: (a) frame; and (b) shear layer. 
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The incremental form of the nonlinear force-deformation relations in Eqs. (15) and (16) for the frame model on the Kerr-type 
foundation can be written by linearization as: 

( ) ( ) ( ) ( )0 0
F F F Fx x x x= + ∆D D k d  (17) 

( ) ( ) ( ) ( )0 0
S S S Sx x x x= + ∆D D k d  (18) 

where superscript 0 on the variables denotes the initial value during the iterative procedures; ( )0
F xk  and ( )0

S xk  are the sectional 
stiffness of the RC frame and foundation, respectively. 

In this study, the fiber-section model of Spacone and Limkatantu [74] was employed to refine the frame cross-section into a 
discrete fiber for analysis, as shown in Fig. 4. Based on this approach and the Timoshenko beam theory, the axial and bending 
mechanisms naturally interact at the sectional level. As a result, the axial force and bending moment are calculated from the 
summation of the normal stress in each fiber as follows: 

( )
1

r nfib

r r
r

N x Aσ
=

=

= ∑  (19) 

( )
1

r nfib

r r r
r

M x y Aσ
=

=

=−∑  (20) 

where rσ , rA , and ry  are the normal stress, section area, and distance measured from the reference axis of the rth fiber in the 
cross section; r  is a generic fiber; and nfib  is total fiber count.  

Based on the discrete forms in Eqs. (19) and (20), the frame sectional force vector ( )F xD  can be rewritten as follows: 

( ) ( )
1 1

Tr nfib r nfib

F r r r r r
r r

x A y A V xσ σ
= =

= =

 
 = − 
 
∑ ∑D  (21) 

It is interesting to observe from Eq. (21) that the axial and bending mechanisms are dependent on the discrete sections, while 
the shear mechanism is independent of the fiber-section model [74]. In other words, the shear responses can be modeled with 
only one fiber section, as demonstrated by Sae-Long et al. [65-66]. 

As suggested by Spacone and Limkatantu [74], sectional stiffness ( )0
F xk  and ( )0

S xk  can be defined through the fiber-section 
model [74] and the Kerr-type foundation model [38] as follows: 

( )

( )

1 1

2

1 1

0

0

0 0

r nfib r nfib

r r r r r
r r

r nfib r nfib

F r r r r r r
r r

E A y E A

x y E A y E A

GA x

= =

= =

= =

= =

 
 − 
 
 
 = − 
 
 
 
 
  

∑ ∑

∑ ∑k  (22) 

( )
( )

( )
( )

1

2

0 0

0 0

0 0
S

s

k x

x k x

GA x

 
 
 =  
 
  

k  (23) 

where rE  is the elastic modulus of the rth fiber; ( )GA x  is the sectional shear stiffness of the RC frame; ( )sGA x  is the sectional 
shear stiffness of the shear layer; and ( )1k x  and ( )2k x  are the foundation spring stiffnesses of the lower and upper spring 
layers, respectively. 
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Fig. 3. Uniaxial material constitutive relations. 
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Fig. 4. Fiber-section model for the RC frame cross section [74]. 

3. Displacement-Based Formulation: Finite Element Formulation 

In the displacement-based formulation, the displacement fields are treated as a primary variable, while the sectional forces 
are assumed as a secondary variable that can be evaluated from the displacement fields through the force-deformation relations. 
As a result, the compatibility equations (7)-(14) are satisfied in the strong sense, while the equilibrium equations (1)-(5) are 
satisfied in the integral sense. The weighted residual form of the equilibrium overall in the distance domain [0, L] can be 
expressed as follows: 

( ) ( ) ( ) ( ) 0T T T
F F S S

L

x x x x dxδ  + − =  ∫ U L D L D P  (24) 

where L  is the length of RC frame; and δU  is a statically admissible virtual section displacement vector. 
Imposing the force-deformation relations of Eqs. (17) and (18), compatibility equations of Eqs. (10) and (14) into Eq. (24) and 

subsequently applying integration by parts, the equation (24) yields: 

( )
( )

( )
( )

( )
( )

( ) ( ) ( ) ( ) ( ) ( )
0

0 0
0

0

0

T

F F F T T T T T T
F F S S

S S SL L L L

x x x
dx x x dx x x dx x x dx

x x x

δ
δ δ δ δ

δ

        ∆     = + − −       ∆         
∫ ∫ ∫ ∫

L U k L U
U P U P L U D L U D

L U k L U
 (25) 

where P  is the nodal force vector, which corresponds with the nodal displacement vector U , as illustrated in Fig. 1. 
Based on the displacement-based formulation, the displacement fields are evaluated from the nodal displacement U  

through the displacement shape functions ( )FS xN  as follows: 

( ) ( )FSx x=U N U  (26) 

Employing the relation in Eq. (26) and accounting for the arbitrariness of δU , the relation in Eq. (25) leads to the element 
stiffness equation as: 

( ) ( )0 0
F S ext F S+ ∆ = + − +K K U P P P P  (27) 

where F =K L ( ) ( ) ( )T
F B Fx x x dxB k B  is the frame element stiffness matrix; S =K L ( ) ( ) ( )T

S S Sx x x dxB k B  is the Kerr-type foundation 
element stiffness matrix; ext =P L ( ) ( )T

FS x x dxN P  is the equivalent load vector due to the external load ( )yw x ; 
0
F =P L ( ) ( )0T

F Fx x dxB D  is the resistant force vector of the RC frame; 0
S =P L ( ) ( )0T

S Sx x dxB D  is the resistant force vector of the Kerr-
type foundation; ( )F xB  and ( )S xB  are the deformation-displacement matrices. 

It is noted that the displacement shape functions ( )FS xN  of Eq. (26) must be selected with care when the shear-locking 
phenomenon may occur [75]. This incident leads to the unrealistic prediction of the shear responses in the structural models as 
reported in the literature [76-78]. For this study, the so-called “linked displacement shape functions” as proposed by Sae-Long et al. 
[65] are employed to overcome the shear-locking phenomenon. These interpolation functions are established based on the 
slender beam conditions with one higher degree of interpolation function for the transverse displacement when compared to the 
interpolation function of the rotation field. Therefore, the linked displacement shape functions can be expressed as [65]: 

( ) 2 2

1 0 0 0 0 0 0

0 0 1 0 0 0 0

0 1 0 0 0
2 2 2 2

0 0 0 1 0 0 0

FS

x x

L L
x x

L L
x

x x x x x x

L L L L
x x

L L

 
 −
 
 
 − 
 =  
 − − − + 
 
 
 − 
 

N  (28) 

With the differential operators FL  and SL , the deformation-displacement matrices ( )F xB  and ( )S xB  can be expressed as 
follows: 
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( ) ( )

1 1
0 0 0 0 0 0

1 1
0 0 0 0 0 0

1 1 1 1
0 0 0 0

2 2

F F FS

L L

x x
L L

L L

 
 −
 
 
 = = − 
 
 
 −   

B L N  (29) 

( ) ( )
2 2

0 0 0 1 0 0 0

0 1 1 0
2 2 2 2

1 1
0 0 0 0 0 0

S S FS

x x

L L

x x x x x x x x
x x

L L L L L L

L L

 
 −
 
 
 
 = = − − − + − + −
 
 
 

− 
  

B L N  (30) 

4. Shear Model 

To elucidate the shear mechanism and its interaction effects within the proposed frame-foundation model, this study 
employs the shear model as proposed by Sae-Long et al. [65-66]. This shear model was developed from the shear constitutive 
relations of Mergos and Kappos [67-68] together with the UCSD (University of California, San Diego) shear-strength model of 
Priestley et al. [79]. Therefore, this model can account for the degradation of the shear strength due to the influence of the 
inelastic flexure deformation as found in the experiments and simulations [44, 45, 55-58]. 

At the outset, the relationship between shear force and shear strain starts from the undamaged primary curve as shown in Fig. 
5. This diagram comprises four intervals but only three linear slopes. The first interval (with linear OA) presents the behavior of 
the RC frame section before cracking. The shear force crV  and shear strain crγ  at the onset of the concrete cracking at point A 
can be evaluated as suggested by Sezen and Moehle [57] as: 

1 0.80
/

tensile
cr g

gtensile

f N
V A

a h f A

  = +    
 (31) 

( )
0

cr
cr

V

GA
γ =  (32) 

where tensilef  is the nominal tensile strength in concrete; /a h  is shear span ratio; N  is the compressive load; gA  is gross cross 
sectional area; and ( )

0
0.80 gGA GA=  is the undamaged shear stiffness. 

The second interval (with linear AB) represents the post-cracking section for the RC frame cross-section, while the third 
interval (with linear BC) characterizes the RC frame cross-section after the onset of the flexural yielding. The shear force yV  and 
shear strain yγ  at the onset of the flexural yielding at point B are naturally detected by the fiber-section model when the 
sectional axial strain reaches the yield strain of the longitudinal reinforcement. Both the values of the shear force and shear 
strain in this stage are kept at their shear force yV  and shear strain yγ . Next, the shear force at the onset of the transverse 
reinforcement yielding at point C can be computed based on the UCSD shear-strength model of Priestley et al. [79] as: 

( )

Truss component
Concrete component

Arch component

00.8 cot30 tanv yv

u c g

A f D
V k f A N

s
ϕ β

′
′= + +

�����������������
���������������

���������

 
(33) 

where uV  is the ultimate shear force; kϕ  is the factor associated with the sectional curvature ductility demand ϕµ  as shown in 
Fig. 6; cf ′  is the concrete compressive strength in the cylinder specimens; s , vA , and yvf  are the spacing, area, and yield 
stress of the transverse reinforcement; D′  is the distance measured parallel to the applied shear between the centers of the 
longitudinal reinforcement; and β  is the angle between the column axis and the line connecting the centers of the flexural 
compression zones at the top and bottom of the column ends. The value of 0uV  in the undamaged primary carve in Fig. 5 is 
simply determined from the UCSD shear-strength model in Eq. (33) by setting the sectional curvature ductility demand lower than 
3. 
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Fig. 5. Undamaged primary curve of the shear model [65]. 
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As suggested by Mergos and Koppos [68], the shear strain stγ  at the onset of the transverse reinforcement yielding can be 

evaluated as follows: 

1 2st trussγ γ=Φ Φ  (34) 

where 1 1 1.07( / )c gN f A′Φ = −  is the corrected parameter associated with the axial force; 2 5.37 1.59 min(2.5, / )a hΦ = −  is the 
corrected parameter associated with the aspect ratio; and trussγ  is the shear strain at the onset of the transverse reinforcement as 
computed by using the truss analogy approach [80]. The shear strain trussγ  is defined as: 

( )
4

4
0

sin
sin cot

v yvcr s
truss w

s w c

A fV E

GA sE b E
γ ω ρ

ρ ω ω

  = + +   
 (35) 

where cE  is the concrete elastic modulus; sE  is the reinforcement steel elastic modulus; wρ  is the volumetric ratio; b  is the 
sectional width; and ω  is the angle between the reference axis and the line of diagonal struts. In this work, the optimal value of 
the angle ω  follows that suggested by Mergos and Kappos [68] of 45ω = � . 

The last interval (with linear CD) addresses the behavior of the RC frame cross-section after the onset of the transverse 
reinforcement yielding. Based on the regression analysis of RC shear-critical columns from the work of Mergos and Kappos [68], 
the shear strain uγ  at the onset of the shear failure can be determined as follows: 

1 2 3u st stγ γ γ=Ψ Ψ Ψ ≥  (36) 

where 1 1 2.5 min(0.4, / )c gN f A′Ψ = −  is the modification factor associated with the axial-load effect; 2 2
2 min(6.25, / )a hΨ =  is the 

modification factor associated with the aspect ratio; and 3 0.31 17.8 min( / ,0.08)v yv cA f bsf ′Ψ = +  is the modification factor 
associated with the amount of transverse reinforcement. 

Based on the influence of the inelastic flexural deformation as demonstrated in the UCSD shear-strength model [79], the shear 
force-shear strain relation in Fig. 5 will depart from the undamaged primary curve into the damaged envelope curve, as shown in 
Fig. 7. This reduced phenomenon is called “shear-flexure interaction effects”, which are found in the RC flexure-shear critical 
members [55-69]. These effects lead to the degradation of shear strength and shear stiffness in the concrete sections [65, 79]. 
Therefore, a special procedure to account for these effects within the proposed model is required in the finite implementation 
when the sectional shear force and shear stiffness are unknown variables. This study uses the so-called “modified shear-flexure 
interaction procedures” as proposed by Sae-Long et al. [65-66] to evaluate both the sectional shear force and shear stiffness within 
the plastic hinge zone. This approach was modified from the framework of the shear-flexure interaction procedures of Mergos 
and Kappos [68] based on the reference shear stiffness refGA . A step-by-step procedure to calculate the sectional shear force and 
shear stiffness in the plastic hinge zone is presented in Fig. 8. More details of the approach are discussed in the work of Sae-Long 
et al. [65-66]. 
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Fig. 7. Damaged envelope curve of the shear model [65-66]. 
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Fig. 8. A-step-by-step to evaluate the sectional shear force and shear stiffness [65]. 

5. Numerical Simulations 

To verify the capability, accuracy, and efficiency of the proposed frame-foundation model, two numerical simulations are 
employed in this work. The first simulation is the convergence studies, which investigates the accuracy and efficiency of the 
proposed frame-foundation model. The second simulation discusses the impact of the shear-flexure interaction effects on the 
responses of the non-ductile RC frame model on the foundation models. Both simulations employ the RC flexure-shear critical 
column, which fails in shear after the onset of the flexural yielding, to assess the achievement of the proposed model. 
Furthermore, the shear constitutive model of two non-ductile columns, as discussed in Section 4, was verified and well accepted 
among the experiments and simulations [65, 66, 81, 82]. 

5.1 Numerical Simulation I: Convergence Studies 

A simply supported RC frame on an infinitely long Kerr-type foundation subjected to a constant compressive load of 667 kN at 
both end boundaries and subjected to a concentrated load at midspan under displacement control is illustrated in Fig. 9. This 
frame-foundation system is employed in this simulation to assess the convergence trend and to investigate the amount of the 
proposed element to reach the benchmark responses. The material properties, geometric, and reinforcement details of the RC 
frame come from the column specimens labeled column 2CLD12 as conducted by Sezen [81] as shown in Fig. 9. The Kerr-type 
foundation properties come from the work of Antonio et al. [83], based on the soil properties of Shiri [84]. The upper and lower 
springs are considered linear elastic springs with the stiffness of 3 2

2 3.56 10 /k x kN m=  and 2 2
1 5.086 10 /k x kN m= , respectively. 

The shear layer is also defined by linear elasticity with the stiffness of 23.324 10sGA x kN= . To account for the influence of the 
infinitely extended foundation, Alemdar and Gülkan [85] suggested replacing this infinitely long distance with a vertical spring 
with stiffness 1 sendk k GA=  at both boundary ends of the RC frame. Due to the symmetry property, only half of the frame-
foundation system is employed to analyze, as illustrated in Fig. 9. It needs to be emphasized that each proposed element employs 
seven Gauss-Lobatto integration points and forty fibers to present all the responses in this simulation. This amount is sufficient 
to represent both global and local responses of the displacement-based structure models as confirmed in the literature [22, 26, 65, 
69]. 

Figure 10(a) presents the convergence studies to gain the converged global response (midspan load-deflection response P δ− ). 
The result shows that sixteen proposed elements are sufficient to reach the benchmark response established with a mesh 
consisting of thirty-two proposed elements. The load-displacement response yield already satisfies the benchmark response with 
a mesh of eight proposed elements. However, the shear failure cannot be detected by this number of elements due to the 
insufficiently refined mesh to capture the sectional inelastic flexural deformation as reported by Sae-Long et al. [69]. There are 
two circumstances in the global response. At the deflection 6.12 mmδ = , the first plastic hinge forms at the midspan due to the 
load and restrain conditions. During the displacement control, the shear failure is detected at the deflection 10.3 mmδ = . 
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Fig. 9. Numerical simulation I: Convergence studies. 
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Fig. 10. Response of numerical simulation I at midspan position: (a) global response; and (b) local response. 

 
 

Figure 10(b) shows the convergence studies used to obtain the converged local response (shear force-shear strain relationship 
at the midspan). As seen in the global response in Fig. 10(a), a mesh of 16 proposed elements is sufficient to achieve the 
benchmark response represented by a mesh of 32 proposed elements. Furthermore, this diagram shows that the shear failure 
requires a sufficiently refined mesh for the prediction of the sectional curvature ductility demand within the inelastic zone. A 
mesh containing 1, 2, 4, and 8 proposed elements demonstrates insufficient accuracy to capture the inelastic flexural responses. 
Therefore, these amounts cannot capture the shear failure and shear-flexure interaction effects within the non-ductile RC 
members. Following the shear model with sixteen proposed elements, the first plastic hinge rotation forms at the shear strain 

45.2271 10y xγ −= , corresponding with the deflection of 6.12 mmδ = . When the sectional curvature ductility demand reaches its 
threshold value of 3, the shear-flexure interaction is activated, resulting in the degradation of the sectional shear stiffness and an 
increase in shear strain. Shear failure is captured when the shear strain reaches its threshold ultimate value 21.2 10u xγ −= . This 
failure value matches the observation from the experiment of this column as proposed by Mergos and Kappos [67-68]. 

From the convergence studies in this simulation, it can be concluded that the number of used elements is necessary to 
capture the shear-flexure interaction within the inelastic flexure zone. For the frame-foundation model in this study, a mesh 
containing 16 proposed elements is the minimum requirement for using the analysis of the non-ductile RC frame on the Kerr-
type foundation both at the global and local levels. 

5.2 Simulation II: Impacts of the shear-flexure interaction on the responses of the frame on foundation models 

To examine the impacts of the shear-flexure interaction on both the global and local responses of the proposed model, the 
simply supported RC frame on an infinitely long Kerr-type foundation in Fig. 11 is employed in this simulation. The frame is 
subjected to a constant axial load at the ends of the structure and subjected to a concentrated load under the displacement 
control at midspan. As shown in Fig. 11, the material properties, geometric, and reinforcement details of the column labeled 
2CMH18 as conducted by Lynn [82] are used to characterize the behaviors of the non-ductile RC frame in this study. The material 
properties of the Kerr-type foundation follow those employed by Morfidis [86]. The upper foundation spring layer is modeled with 
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linear elastic springs with a stiffness of 4 2
2 1.63 10 /k x kN m= , while the lower foundation spring layer exhibits linear elasticity 

with a stiffness of 3 2
1 2.33 10 /k x kN m= . The shear layer is prescribed in the linear elastic layer with a constant stiffness of 

42.991 10sGA x kN= . Due to the symmetry property, only half of the frame-foundation system is used to analyze, while the 
influence of the infinitely long foundation is represented by the vertical springs with stiffness 1 sendk k GA=  at both boundary 
ends of the RC frame, as illustrated in Fig. 11. To clearly demonstrate the impact of the shear-flexure interaction effects on the 
frame’s responses, three numerical frame-foundation models are used, namely (a) the proposed frame model on the Kerr-type 
foundation; (b) the classical frame model on the Kerr-type foundation; and (c) the classical frame model on the Winkler 
foundation. It is worthwhile to note that the so-called “classical” frame models are the frame models without accounting for the 
effects of the shear-flexure interaction. Based on the convergence studies in the previous simulation, a mesh of sixteen proposed 
elements with seven Gauss-Lobatto integration points and forty fibers is employed to represent the characteristics of this non-
ductile RC frame on the foundation in this simulation. 

Figure 12(a) presents the load-deflection at the midspan obtained from the three numerical frame-foundation models. This 
diagram clearly demonstrates that the effect of the shear-layer leads to the stiffening element stiffness as observed from a series 
of the frame models on the Kerr-type foundation when compared to the frame on the Winkler foundation. The initial stiffness of 
the frame models on the Kerr-type foundation is higher than the initial stiffness of the Winkler-based frame model by about 
3.49% on average. During the applied displacement control, all numerical frame-foundation models capture the first plastic 
rotation at point A with a deflection of 5.10 mmδ = . Finally, the shear failure is detected by only the proposed model at a 
deflection of 12.15 mmδ = , while a series of classical frame-foundation models cannot capture this failure characteristic. This 
proves the capability of the proposed frame-foundation model to overcome the series of classical frame-foundation models. 

Figure 12(b) illustrates the relationship between shear force and shear strain at the midspan. Due to the load and boundary 
conditions, this location fails in shear due to the influence of the shear-flexure interaction as governed by the shear constitutive 
law in Section 4 for the proposed model. When the shear-flexure interaction is activated with the increase in the sectional 
curvature ductility demand, the shear strength and shear stiffness are reduced, resulting in a rapid increase in the shear strain. 
During the applied load, the first plastic hinge rotation is detected at the shear strain of 41.24 10y xγ −=  for the series of frame 
models on the Kerr-type foundation, while the frame model on the Winkler foundation predicts this occurrence at the shear 
strain of 41.19 10y xγ −= . This difference is caused by the shear-layer and additional foundation spring layer in the Kerr-type 
foundation, resulting in stiffened system stiffness. Finally, shear failure occurs in the proposed frame model when the shear 
strain reaches its ultimate value of 34.6 10u xγ −= , as predicted from Eq. (36). This value corresponds well with the experiment and 
simulations as suggested by Mergos and Kappos [68]. Conversely, the series of classical frame-foundation models cannot exhibit 
this failure behavior due to the lack of accounting for the shear-flexure interaction effects. Therefore, the shear responses of these 
models also follow the shear primary curve as shown in Fig. 5. 

Figure 13 shows the relationship between the shear force and curvature ductility demand at the midspan. The shear failure 
envelope (bold dash line) is established from the UCSD shear-strength model of Priestley et al. [79] in Eq. (33) and is used to detect 
the shear failure. The result shows that the shear-flexure interaction effects play an important role in analyzing the non-ductile 
RC members. It can be seen in this diagram that this frame would not have failed in shear if the shear-flexure interaction had not 
been considered as clearly observed from the proposed model when compared to the classical frame model on the Kerr-type 
foundation. Shear failure occurs when the shear force meets the shear failure envelope at the curvature ductility demand of 

6.8ϕµ =  for the proposed model. As similarly observed in the shear force-shear strain relation in Fig. 12(b), the shear layer and 
additional foundation spring layer in the Kerr-type foundation lead to the stiffening system stiffness, resulting in a higher shear 
force resistance when compared to the frame model on the Winkler foundation. 
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Fig. 11. Numerical simulation II: Impact of the shear-flexure interaction and structure-foundation interaction on the responses. 
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Fig. 12. Response of numerical simulation II at midspan position: (a) global response; and (b) local response. 
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Fig. 13. Shear force – curvature ductility demand relation of numerical simulation II at midspan position. 

 

From this simulation, it can be concluded that the influence of the shear-flexure interaction plays an essential role in the 
prediction of the shear failure due to the impact of the inelastic flexural deformation. These effects lead to the degradation of the 
shear strength and shear stiffness, resulting in the weakened system stiffness, while the influence of the shear-layer and 
additional foundation spring layer of the Kerr-type foundation makes the element stiffness increase when compared to the 
responses of the Winkler-based frame model. Therefore, these interaction effects are crucial for the analysis of non-ductile RC 
members resting on the foundation. 

6. Conclusion 

This paper presents the shear-flexure-interaction frame model on the Kerr-type foundation for analysis of non-ductile RC 
members resting on the foundation. The proposed model is formulated based on the displacement-based finite element 
formulation together with the hypothesis of Timoshenko beam theory. The uniaxial constitutive laws are employed to represent 
the characteristics of the RC frame and foundation. The shear-flexure interaction effects are taken into account for the proposed 
model within the shear constitutive model as proposed by Sae-Long et al. [65-66]. The modified Mergos and Kappos interaction 
procedure, as proposed by Sae-Long et al. [65], is employed to predict the sectional shear force and shear stiffness within the 
inelastic flexural zone. To verify the capability, accuracy, and efficiency of the proposed model, two flexure-shear critical columns 
on the foundation are employed in this work. From the analytical results, it can be concluded as follows:  

The first simulation presents the accuracy and efficiency of the proposed model through parametric studies. The parametric 
results confirm that a mesh size of 16 proposed elements is sufficient to represent the converged responses at both global and 
local levels. It needs to be emphasized that although the mesh size of 8 proposed elements is already ample to get the converged 
maximum load, this amount is insufficient to predict the sectional curvature ductility demand in the inelastic zone. As a result, 
the mesh containing 1, 2, 4, and 8 elements cannot capture the shear failure within the non-ductile RC frame on the foundation. 

The second simulation discusses the importance of the shear-flexure interaction for the analysis of the non-ductile RC frame 
on the foundation and confirms the capability of the proposed model to capture the behavior of shear failure when compared to 
the classical frame-foundation models. The shear-flexure interaction leads to the degradation of the shear strength and shear 
stiffness within the plastic hinge zone, resulting in an instant increase in the sectional shear strain. Furthermore, the shear layer 
and additional foundation spring layer of the Kerr-type foundation enhance the system stiffness to be stiffened as obviously 
demonstrated when compared to the Winkler-based frame model. As a result, the shear-flexure interaction and foundation-
structure interaction are critical in the analysis of the non-ductile members resting on foundation. 
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The next step in this work is to develop and extend the shear constitutive model for the prediction of the non-ductile RC 
member’s behaviors associated with the axial loss capacity. This concept can be applied within the full nonlinear static and 
dynamic analyses of non-ductile RC structures. Therefore, we hope that the next work will be interesting and have benefits for 
the research community in the future.   
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