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Abstract. The paper presents an approach to the strength analysis in steel cylindrical panels reinforced from the concave side with
an orthogonal grid of stiffeners. A mathematical model of the Timoshenko (Mindlin - Reissner) type is used. Transverse shears and
geometric nonlinearity are taken into account. The stiffeners are introduced in two ways: using the method of refined discrete
introduction (proposed by author) and the method of structural anisotropy. Computational algorithm based on the Ritz method and
the best parameter continuation method. For strength analysis von Mises criterion is used. The values of the maximum permissible
strength loss loads are shown for several variants of structures made of steel S345. The extension of areas of non-fulfillment of
strength conditions according to the Mises criterion for the stiffened and unstiffened structures are shown.
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1. Introduction

Thin-walled structures are commonly used for solving a wide class of applied challenges, including the problems of mechanical
engineering, construction building, and transport industry. Such structures, made of many different materials (from metals to
composites and wood), are often used as hangars for vehicles, coverings and floors of industrial buildings, light structures in
shipbuilding, aerospace and so on. At the same time, thin-walled structures often need to include stiffeners with the scope to
achieve the design requirements for stiffness and resistance.

It is significantly more difficult to study stiffened structures than structures of uniform thickness considering how these
geometric non-uniformities do not allow the application of theoretical approaches and simplifying models [1-3]. Thus, the need to
use more complex techniques such as numerical simulations with numerical models based on experimental verifications becomes
inaudible. This is detailed, e.g., in [4] where a finite element (FE) model was developed and validated with the scope to investigate
the stiff and buckling behaviour of extra-large stiffened structures.

In this regard, there are several approaches to the introduction of stiffeners and for evaluating their effects on the structures.
For instance, some papers (Jaunky et al. [5]; Kidane et al. [6]) distinguish two types of approaches to account for stiffeners in a
structure: a discrete approach [7-11] and a stiffness smearing approach [12-15].

Sadeghifar, Bagheri and Jafari [10] investigates the influence of nonuniformity of eccentricity of stringers on the general axial
buckling load of stiffened laminated cylindrical shells with simply supported end conditions. The critical loads are calculated using
Love’s FSDT and solved using the Rayleigh-Ritz procedure. In Tu and Loi [15] a free vibration analysis of rotating functionally graded
cylindrical shells with orthogonal stiffeners are presents. Based on Love’s first approximation theory and smeared stiffeners
technique, the governing equations of motion which take into account the effects of initial hoop tension and also the centrifugal
and Coriolis forces due to rotation are derived. Finally, in Lanzo and Garcea [16] thin-walled complex structures were investigated
by the so-called Koiter's analysis.

Therefore, the need to develop consolidated methods for optimizing reinforced structures becomes evident. Referring to simple
geometries, such as plates reinforced by the addition of stiffeners, there are many works available in the literature as in Pinto et al
[17] where a multiobjetive approach to the geometrical optimization was develop. Optimization of stiffened cylindrical shells to
solve specific practical tasks was addressed by Bai et al. [18], Chen et al. [19], Lene et al. [20], Reza Ghasemi et al. [21] and Hao et al.
[22].

Wang et al. [23] presented general similitude requirements and the scaling laws for nonlinear buckling of stiffened orthotropic
shallow spherical shells by applying similitude transformation to the total energy of the structural system. Cho et al. [24] reports
experimental and numerical investigations on the ultimate strength responses of steel-welded, ring-stiffened conical shells when
subjected to external hydrostatic pressure. The numerical computations were performed on the finite element code of ABAQUS
FEA. The imperfection due to fabrication, such as initial out-of-circularity, and residual stresses due to welding are simulated.
Strength problems of shell structures were considered, for example, in Duarte et al. [25], Brauns and Skadins [26], Abrosimov and
Novosel’'tseva [27] and Semenov [28].
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Fig. 1. Cylindrical shell panel. a) Local coordinate system; b) Option No. 1; c) Option No. 2.

In [25] a comparative study between Hashin damage criterion and the eXtended Finite Element Method (XFEM) applied to the
failure of plates made of fiber reinforced polymers (FRP). A brief literature review on failure criteria is also presented in the paper
and Finite element models of square plates with different layer configurations are described within the framework of ABAQUS
package. A similar numerical approach was used in Pavlovic et al. [29] when FRP tridimentional plates where modelled and
optimized by ANSYS in the case of very large and thin functional structures.

The purpose of this paper is to describe the methodology for analyzing the strength of cylindrical panels, stiffened by an
orthogonal mesh of ribs, based on different approaches to the introduction of reinforcing elements.

2. Theory and Methods
2.1 Mathematical Model

Consider thin-walled shells under external mechanical loading. The geometry of these structures is defined by the Lame
parameters A,B and radii of principal curvatures R,,R, along the x,y coordinates, respectively. For cylindrical panels
A=1,B=R,,R, =00,R, =const.

It will be used a mathematical model of the Timoshenko (Mindlin-Reissner) type, which takes into account transverse shears,
material orthotropy, and geometric nonlinearity. According to this model, in the case of static problems, three functions
characterizing displacement of the coordinate surface points U(x,y), V(x,y), W(x,y) and two functions characterizing the normal
rotation angles in the planes xOz, yOz (V¥,(x,y),¥,(x,y)) will be the unknown functions. This model is based on the functional
of total potential deformation energy, which can be written in the following form:

E, = E0+EF,
a b

f f [Ngex +N%, Jr%(Ngy + NG, )7 + MOy + MO, + (M3, + M3, )y, +QS (¥, —6,) +Q) (W, —6,)—2qW —2B,U — 2P, V| ABdxdy, o
a 0

=1
2

a b
R _ 1 R R 1 R R R R R R R R
Ef = Eff N, +N&e, +§(ny + N )7 +MExs + My, + (M, + M3, ), +QE (W, —6,) + Q) (¥, - 6,)) ABdxdy,
a 0

where ¢, P, P, denote load components; N,,N, denote normal forces in the direction of the x,y coordinates; N, ,N, denote
shear forces in the corresponding plane xOy; M,,M, denote bending moments; M,,M, denote torque moments; Q,,Q,
denote transverse forces in the planes xOz and yOz, which are defined by the following relationships for the structural skin
(superscript 0):
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QY =G, kh(¥, —6,), Q) =Gykh(¥, —0,).

Here E,,E, denote elasticity moduli in the directions x, y; k=5/6; G,,G;,G,, denote shear moduli in the planes
x0y,x0z,y0z, respectively; ju,,u,, denote Poisson’s ratios; ¢,,e, denote tensile strains; v,, denotes shear strains in the plane
x0y; xi,X»»X1» denote functions of change in curvature and torsion as follows:
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Geometric nonlinearity is taken into account in expressions for deformations (3) due to terms with variables 6. When the
variables ¢ are multiplied, the products of the displacement functions obtained.
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Fig. 2. Graphical representation of functions used for approximation.

On the side of the concavity, the shell is reinforced by an orthogonal mesh of stiffeners, parallel to the coordinate lines. The
stiffeners are characterized by the following parameters: h,h' - height of stiffeners, parallel to the axes y and x respectively; r,,T,
- width of, respectively, j-th and i-th stiffeners; stiffeners, parallel to the axis y (j-th stiffeners) located at a; <x<b;, and
stiffeners, parallel to the axis x (i-th stiffeners)located at ¢, <y <d,.

There are various ways to account for the presence of stiffeners. Earlier in [30], the following were considered in detail: discrete
introduction of stiffeners in contact with the skin along the line (Lurie), discrete input of stiffeners in contact with the skin along
the strip (Karpov), the introduction of stiffeners when “smearing” the stiffness by the method of constructive anisotropy (Karpov),
as well as a new (refined) version of discrete insertion of stiffeners in contact with the skin along the strip (Semenov). Due to the
cumbersomeness, all these relations here are not presents.

2.2 Algorithm for the Solution of Strength Problems

To solve a buckling analysis problem in a shell structure, to find the minimum of the functional (1) are needs. For that purpose,
it’s applied the Ritz method to reduce the variational problem of finding the functional minimum to solving a system of nonlinear
algebraic equations. In this case, the unknown functions can be presented in the following form:

Uxy)=>_3 UuXiYi, V(xy)=> 3 ViX;Y,, W(xy)=> 3> WXY, ¥, (xy)=> >, XY, ¥ (xy)=> >, XY, (@)
k=1 =1 %=1 =1 k=1 121 k=1 121 k=1 =1

where UV, W, ¥, ,¥, denote unknown numerical parameters, Xi,.,X; and Y,..,Y; denote known approximating
functions with arguments x and y, satisfying the given boundary conditions. The boundary conditions for a particular structure
are determined based on the type of shell contour support.
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Fig. 3. Shape of approximation iinYJ,iiXEY;,iiXEY;,iix:Y},iiXEY; .

k=1 1=1 k=1 1=1 k=1 1=1 k=1 1=1 k=1 1=1

Consider simply support thin-walled shells (at x=0,x=a: U=V=W=M,=¥ =0;at y=0,y=b: U=sV=W=M, =V, =0).
The following trigonometric functions can then be taken as approximating ones:

x’;=sin[2kw§], x§=sin[(2k—1)7r§], X§=sin[(2k—1)7r§, X% = cos (2k—1>7r§], x§=sin[(2k—1)7r§],
®)
Yj=sin[(2l—1)7r%], Y;=sin[2lﬂ%], Y! =sin (21—1)7%], Y;=sin[(2l—1)7r%], Y! = cos (21—1)7%].

Figure 2 graphically shows all possible options for functions X*.For Y', the function options are the same. The combination
of the functions presented can replicate the symmetrical deformation shape of the structure. Figure 3 shows the sums of the

products of functions » > XY}, >N XY, SN XEYL >N XLY,, Y > XEY;, on the basis of which it can be concluded that the
k=1 1=1 k=1 1=1 k=1 1=1 k=1 1=1 k=1 1=1
above boundary conditions are met.

The choice of trigonometric functions as the basis is due to the fact that they describe the process of deformation of the
structure with the formation of dents rather well, and moreover, they satisfy the specified boundary conditions. In addition, for
closed structures, they can satisfy the periodicity conditions, which is also important. The use of a large number of terms in (5) in
the case of using trigonometric functions does not lead to a significant increase in the degrees of the variables, as in the case of
polynomial approximation. In [31-34] one can finds the use of Legendre polynomials, in [34-37] — the use of Chebyshev polynomials
as approximating functions. A comparison of trigonometric approximation and Legendre polynomials was carried out in [38].

By substituting Eq. (5) to Eq. (1), the functional E; is transformed into the function E; .To find the minimum, it’s need to find
derivatives of the function E; with respect to all unknown numerical parameters and then equate those to zero. As a result, a
system of nonlinear algebraic equations is obtained. To solve it, the best parameter continuation method, which makes it possible
to reduce the solution of a nonlinear system to the solution of the initial problem for a system of ordinary differential equations,
are used. The resulting initial problem can be solved using various methods, e.g. the Euler method.

In this case, the Maple analytical software package is the best option for software implementation, since fairly intensive
symbolic computations are required.

This approach allows to explore the strength and buckling of shells, to bypass the singular points of curve “load - deflection” in
order to obtain the values of upper and lower critical loads, find points of bifurcation, and investigate the supercritical behavior of
shells. Buckling analysis of cylindrical and conical shell panels with an orthogonal grid of stiffeners was carried out by the author
earlier in the work [39].

In this work, it will be analyzed the strength of the structure, which is based on the analysis of the strength criterion at each
point of the structure with gradually increasing load values. Strength analysis is carried out according to the von Mises criterion,
which in relation to the study of the strength of shell structures is written in the form:

g; SJT:

where o, - stressintensity; o, —material yield strength. The stress intensity can be represented as

(Ti:\/ffj—(fxﬂy +UYZ+3(T§y+T>2<2+T§Z) : (6)
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Table 1. Options of panels under consideration

No. hm a, m b, rad R,,m

1 0.08 16 1 16
2 0.01 1.5 0.4 2.5

Table 2. Characteristics of the considered shells

Parameter
NO‘ 0 2 0 3 i
S°, m V’, m a/h d, m h'=h,m rL=r1,m
1 256 20.48 200 1.96 0.24 0.16
2 1.5 0.015 150 0.05 0.03 0.02

Table 3. Characteristics of the considered shells depending on the number of stiffeners

Characteristics depending on the number of stiffeners

No. 2x2  4x4  6x6  8x8 12x12 16x16  20x20
x,,m 8 4 2,67 2 1.33 1 0.8
y,,m 8 4 2,67 2 1.33 1 0.8
S*,m® 1014 2007 29.80 39.32 5775 7537 92.16
! vi,m® 243 482 715 944 1386 18.09  22.12
S'/Ss° 0040 0078 0116 0154 0226 0294  0.360
VE/V® 0119 0235 0349 0461 0677 0883  1.080
2x2  4x4  6x6  8x8  12x12 16x16  20x20
x,,m 075 0375 025 0188 0125 009  0.075
y,,m 050 025 017 013 008 006 005
S',m® 0098 0194 028 0374 0542 0698 0.840
2

V¥, m’ 0.003 0.006 0.009 0.011 0.016 0.021  0.025
St /8° 0.066 0.129 0.190 0.250 0.362 0.465 0.560

AMTANATA 0.197 0387 0.571 0.749 1.085 1.395 1.680

“Stress-strain” relationships for linearly elastic deformation of orthotropic materials in a plane stress state will have the form:

E,
Oy = & + Hngy JrZ(X1 + /‘21Xz) )
1— pigppin
E,
oy = €y + HyEy +Z(Xz + U12X1) ) ?)
1— pigppiny
Txy = G12 ﬂfxy +2ZX12 » Txz = GlS’sz’ 7—yz = G23'sz-

Despite the fact that further shell structures made of an isotropic material will be considered, the relations for the orthotropic
case, as a more general one, are presents.

For consistency with other criteria [22] and convenience of further comparison, writes the von Mises criterion in the following
form:

kK =2i<1. (8)

3. Numerical Results

Calculations for three options of cylindrical panels (Table 1), based on the proposed model and algorithm, are performed.
Geometric nonlinearity is taken into account. Type of support: pin support; loading: uniformly distributed static loading directed
along the normal to the surface. Material: Steel S345 with E, =E, =E=2.1-10° MPa, p, = jt,; = £ =0.3, oy = 265=345MPa. The
parameters of S345 steel were taken in accordance with GOST 27772-2015 “Rolled steel for building steel structures. General
specifications (with amendment No. 1)”. It should be noted that the yield point will be different depending on the thickness of the
rolled stock (from 265 MPa at a thickness of 0.08-0.16 m to 345 MPa at a thickness of 0.002-0.01 m). It will be take this into account
when calculating the structures under consideration.

It’s performed calculations at N=16 summands under the approximation of the Ritz method.

The orthogonal grid of stiffeners is placed on the inside of the skin. The height and width of stiffeners are
h'=h =3h, 1= 1,=2h , respectively. The number of stiffeners is equal in both directions, and for each new grid option, it is
increased by 2 or 4. Stresses will be calculated with regard to the outer surface of the skin. Before presenting the calculation data,
some characteristics of the considered shells depending on the number of stiffeners will be shown (Table 2, Table 3). Here S° -
skin surface area; V° -skinvolume; d -camber of arch; x, - distance between stiffeners; S® -stiffeners area; V* - stiffeners
volume.
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Table 4. Maximum allowable loads for stiffened cylindrical panels

Maximum permissible load ¢, , MPa

No. N Method Curve
0x0 2x2 4x4 6x6 8x8 12x12 16x16 20%20
9 Refined model 0.2863 0.3938 0.3765 0.4411 0.4599 0.4962 0.5314 0.5658 -
o, =265MPa 15 (Semenov) 0.2693 0.2310 0.3450 0.4082 0.4230 04541 0.4828  0.5112 1
h=0.08m 9 Structural anisotropy method 0.2863 0.3500 0.3757 0.4409 0.4598 0.4961 05313  0.5658 -
16 (Karpov) 0.2693 0.3640 0.3899 0.4065 0.4229 0.4541 0.4828 0.5111 2
Refined model 0.5969 0.9658 1.1434 1.2289 1.2949 1.4066 1.5047 1.5412 -
1 o, =265MPa 1o~ (Semenov) 0.5943 0.9742 1.1575 1.2470 13146 1.4262 1.5218  1.6097 3
h=0.01m 9 Structural anisotropy method 0.5969 1.0377 1.1467 1.2289 1.2948 1.4065 15046  1.5412 -
16 (Karpov) 0.5943 1.0364 1.1581 1.2460 1.3145 1.4261 1.5218 1.6096 4
Refined model 0.6455 1.0942 1.4041 1.5398 1.6030 1.7541 1.8812 1.9464 -
o, =345MPa "1 (Semenov) 0.6196 1.1290 1.4044 15183 1.6172 1.7713 1.8979  2.0114 5
h=0.01m 9 Structural anisotropy method 0.6455 1.1995 1.4104 1.5403 1.6030 1.7541  1.8811  1.9463 -
? (Karpov) 0.6196 1.1871 1.4100 1.5180 1.6172 1.7712 1.8978 2.0114 6
Refined model 0.6608 0.7501 0.7991 0.8278 0.8592 0.9246 0.9653 1.0287 -
o, =265MPa 15 (Semenov) 0.6722 0.7891 0.8003 0.8509 0.8821 0.9246 0.9890  1.0529 7
h=0.01m 9 Structural anisotropy method 0.6608 0.7788 0.7991 0.8276 0.8591 0.9245  0.9653  1.0287 -
) ? (Karpov) 0.6722 0.7845 0.8225 0.8506 0.8820 0.9245 0.9890 1.0529 8
9 Refined model 0.7008 0.9419 1.0078 1.0456 1.0866 1.1496 1.2328 1.3150 -
op=345MPa 1o (Semenov) 0.7032 0.9944 1.0087 1.0675 1.1081 1.1711  1.2544  1.3368 9
h=0.01m 9 Structural anisotropy method 0.7008 0.9803 1.0077 1.0454 1.0864 1.1495 12327  1.3149 -
? (Karpov) 0.7032 1.0046 1.0302 1.0671 1.1079 1.1711 1.2544 1.3368 10
o, MPa Load of non-fulfilment of strength conditions, option 1
2.20
2.00 f/‘ Gpor MPa  Load of non-fulfillment of strength conditions, option 2
1.80 //Q,/ 1.40
1.60 O”X 1.20
1.40 — 1.00 \virV_J__,,:;.ﬂ-”’"‘/“""
1.20 ——1 4 0.80 =1 ——7
100 ——2 -5 060 T —o—38
0.80 5 == 0.40 9
0,60 0.20 1o
0.40 -t — 0.00
0 4 8 12 16 20
0.20 Number of ribs
0.00
0 4 8 12 16 20
Number of ribs
Fig. 4. The values of the maximum permissible load g, at different Fig. 5. The values of the maximum permissible load g, at different
numbers of stiffeners (cylindrical panel 1, N = 16) numbers of stiffeners (cylindrical panel 2, N = 16)

Table 4 shows the values of the maximum permissible strength loss loads for different stiffeners options, obtained using
different methods of considering stiffeners and at different values of N=n?. In Fig. 4, 5 results for N=16 shown graphically
(curve numbers are shown in Table 4). As can be seen from the data presented, the reinforcement of the structure with stiffeners
increases its bearing capacity, this is especially noticeable when adding the first few stiffening elements. It is also seen that already
with an orthogonal mesh of 6x6 edges, the values, obtained by the method of constructive anisotropy and the refined discrete
method, converge.

Options in the Table 3 are highlighted in green for which further comparison will be made.

In Fig. 6 “load - deflection” dependence for a cylindrical panel (option 1, N =16) with orthogonal grids of stiffeners 0x0, 8x8
are shown. The red curve W, in the Fig. 6 depicts the deflection in the center of a structure (x=a/2,y=0/2), and the blue curve
W, the deflection in the quadrant of a structure (x=a/4,y=b/4).

The buckling load is detected as follows: the load/deflection diagram is analyzed, where a small change in the load corresponds
to a significant change in the deflection (Lyapunov criterion), and snap-through buckling (transition to a new equilibrium state)
occurs. In software, the moment when the determinant of the Jacobi matrix ] becomes zero also corresponds to the critical load.
It should be noted that condition det/ =0 may also correspond to lower critical loads and bifurcation points.

For considered cylindrical panel 1, critical buckling load are 0.6897 MPa (for orthogonal grids of stiffeners 0x0) and 3.1806 MPa
(orthogonal grids of stiffeners 8x8).

In accordance with the data obtained, Figs. 7 and 8 show the fields of criterion (8) at loads for which the strength condition
ceases to be met. Areas of the structure for which the criterion ceases to be met correspond to the parts where the criterion field
exceeds the value K, =1.The criterion field has a complex shape, for its better interpretation in Fig. 7, 8 added transparency.

In Fig. 9 the extension of areas of non-fulfillment of the strength conditions (8) for the cylindrical panel 1 is shown with an
increase in the value of the load already after the initial destruction of the material according to the von Mises criterion.

As can be seen from the presented data, areas of non-fulfillment of strength conditions appear near the edge of the
circumferential coordinate, then develop along it, uniting, and then begin to gradually spread to the center of the structure. In the
presence of stiffeners, this process develops under higher loads than for unstiffened structures.
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Fig. 7. The von Mises criterion field (8) for the option 1 panel Fig. 8. The von Mises criterion field (8) for the option 1 panel
(N =16, 0x0 grid of stiffeners) under load 0.2692 MPa (N =16, 8x8 grid of stiffeners) under load 0.4229 MPa

4. Conclusion

A study of the strength of thin-walled cylindrical panels, reinforced with stiffeners, was carried out. The analysis of approaches
to the introduction of stiffeners has been carried out, which has shown that the proposed improved version of taking into account
the stiffness characteristics gives a result close to the method of constructive anisotropy. In addition, the convergence of the
constructive anisotropy method is shown with an increase in the number of reinforcing elements. Using it instead of discrete
approaches to the introduction of edges can significantly reduce the calculation time. Shown are three-dimensional graphs of the
strength criterion at a specific load value. The analysis of the extension of areas of non-fulfillment of strength conditions according
to the Mises criterion for the structures under consideration is carried out. Their size is shown in the presence and absence of
stiffeners for the same load values. The proposed format for presenting data on areas of non-fulfillment of strength conditions and
graph of strength criterion is new and makes it possible to visually assess the state of the structure.
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q, MPa Orthogonal grid of stiffeners 0x0 Orthogonal grid of stiffeners 8x8

0.2693

0.4576

0.6272

Fig. 9. Comparison of areas of non-fulfillment of strength conditions (when the value of the criterion K; > 1)
for cylindrical panel 1 with stiffeners grid 0x0, 8x8 and with increasing load values
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Nomenclature
A,B Lame parameters describing the shell geometry; a, P, P, Load components;
E,E, Elastic moduli; q., Critical buckling load;
E, Functional of full potential deformation energy of the a, Maximum permissible load (strength);
shell structure;
E; Functional of full potential deformation energy of the Q,,Q, Transverse forces in the planes xOz and yOz;
skin;
}SDR Potential deformation energy of the stiffeners; uVv,w Displacement functions;
f(2) Function describing the distribution of stresses 7, and \"A Deflection in the center of a structure;
7,, through the shell thickness;
G,,G,,,G,, Shear modules; w, Deflection in the quadrant of a structure;
k,,k, Main curvatures of the shell along the x and y axes; Vs Shear deformation in the xOy plane;
K, Yield strength criterion; Xi» Xo» X;,  Functions of curvature and torsional change;
M,M,M, M, Moments, occurring in the structure; v,V Functions of the normal rotation angles in the xOz
and yOz planes, respectively;
M;, M;, M; , M,  Moments, occurring in the skin; €€, Deformations of elongation along the x, y
coordinates of the middle surface;
M, M;, M;,M;  Forces and moments, occurring in the stiffeners; Hags Hoy Poisson's ratios;
N,N,,N_, N Forces, occurring in the structure; 7,0, The normal stresses in the directions of axes x, y;
N7, N?,N?, N°, Forces, occurring in the skin; TorTwrT,,  Shear stresses in the plane xOy, xOz and yOz;
NI, N, NY, NY Forces and moments, occurring in the stiffeners; o, Stress intensity;
N Number of terms in the expansion of Ritz method, o, Material yield strength.
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