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Abstract. In this paper, two numerical methods for solving the MSEIR model are presented. In constructing these methods, the non-
standard finite difference strategy is used. The new methods preserve the qualitative properties of the solution, such as positivity,
conservation law, and boundedness. Numerical results are presented to express the efficiency of the new methods.
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1. Introduction

Finite difference methods are widely used to solve ODEs and PDEs problems [1-3], but in the construction of numerical methods
using standard finite difference approximations, the necessary qualitative properties such as the positivity of the solution may not
be transferred to the numerical solution. To solve this problem, Mickens [4, 5] introduced new methods called NSFD methods. The
advantage of these methods are that in addition to maintaining the usual properties such as stability, consistency, and convergence,
they produce solutions that maintain the qualitative properties of the exact solution [6-9].

This class of schemes and their formulations are determined around two issues: first, how they formulate the discretization of
derivatives, and second, what are the appropriate ways to approximate nonlinear terms. The forward finite difference
approximation for the first-order derivative is one of the most common methods for discretization. In standard mode, derivative
dy/dx is approximated by (y(x + h) — y(x))/h, in which, h indicates the step-size. While, in the methods presented by Mickens, this
term is approximated by (y(x + k) — y(x))/¢(h), where ¢(h) is an increasing continuous function of h, which satisfies the following
condition:

SR =h+0(h?), 0<p(h) <1, h-0. (1)
Note, when h - 0 we must obtain the first derivative whatever the ¢(h) taken. In fact, it must be:

dy _ l.my(x+<151(h)) -y @
dx o b,(h) ’

where ¢, (h) and ¢, (h) are continuous functions of the step-size h verifying (1). The finite difference method is called non-standard,
when it satisfies one of the following conditions:

¢ The function in the denominator of the approximation of the discrete derivative must generally be expressed by a function such
as ¢ of the step length, provided that (2) is verified. Using this rule, we can introduce a complex analytical function of h in the
denominator, which holds in the following condition:

PR =h+0(h?), 0<Pp(h) <1, h-0, ?3)
several functions ¢(h) that satisfy in (3) are:

_ e
—

¢ The nonlinear expressions in the differential equation must be approximated non-locally, for example, the following can be
mentioned (see [10-30])

h, sin(h) or A>0.

y= Zyn — Yn+1
¥ = 2(3)* = Yns1V
Y2 = Y )%
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Yn+1 + Yn-
P~ y2 (%)

Note, that there are no general rules for choosing a denominator function or non-local expressions, although to see some
techniques, you can refer to [13-28, 31-39].

In this paper, we develop the NSFD methods to obtain numerical solutions to the MSEIR epidemic model, where we apply the
"Conservation Law" in the numerical schemes. New numerical methods retain their positive property. The rest of the paper is
organized as follows: In Section 2, we introduce the mathematical model for the MSEIR epidemic model. In Section 3, we propose
the new methods. In Section 4, boundedness, and the conservation law of methods are investigated. We investigate the positivity
property in Section 5. In Section 6, we compared the obtained results from the new methods with the results of the classical
methods. Finally, we end the paper with some conclusions in Section 7.

2. Mathematical Model
The mathematical model of MSEIR [2] consists of the following system of differential equations:
M) =b(N—S)— (8 +d)M,
S'(t) = bS + 6M — BSI/N — dS,
E'(t) = BSI/N — (¢ + d)E,
I'(t)=¢E - (y+d)I,
R'(t) =yl — dR,
N'(t) = (b= d)N,
where
e M: the individuals with passive immunity, protected by maternal antibodies;
e S: the susceptible class, those individuals who can incur the disease but are not yet exposed to the disease;
¢ E: the individuals exposed to the disease but not yet infectious;
o I: the individuals infected by the disease and transmitting the disease to others;
¢ R: the recovered, with permanent immunity,
the parameters d, q, B, €, § and y are positive numbers. By dividing each of the variables by N, we normalize the population, i.e. :
m=M/N,s=S/N,e=E/N,i=I/Nandr = R/N .This reduces to the following equivalent system for the MSEIR:
m@t)=([d+q)(e+i+r)—5bm,
s'(t) = 6M — Bsi,
I(t) = Bsi— (e +d + qe, (5)
') =¢ce—(y+d+q)i,
T =yi—-@d+qr
The basic reproduction number of the system (5) is given by:

_ ep
T(etd+y+d+q)

Ro

The system (5) has a disease-free equilibrium DFE = (0,1,0,0,0)" and there exists also an endemic equilibrium EE =
(m*,s* e*,i*,r*) where:

b+d 1

M srdrq TR
L1
s —RO,
5 +q) 1
e = (1-=),
b+d+q)(e+d+9q) Ry
. e6(d+q) L 1
=G drpe+diurdr Ry
. ey 1
aQ-=.

T T Hd+rEtrd++d+q " R
The dynamics of the MESIR moel is shown in Fig. 1.
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Fig. 1. Determine dynamics of the MESIR Model
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3. Construction of New Methods

In this section, we propose two NSDF methods for the system (5) the following form:
3.1 Method 1

We propose our first new nonstandard (PESN) method as:

mnrtl —mn

o(h)

st _gn

o)

=([d+q)(e™+i"+1") — sm"t,

= §mnt! — ’Bsn+1in’

entl _ on
o(h)
jntl _jn
o
ptl _ g

(b

by simplifying the above relationships, we have:

&
— ﬁsn+1in _ (d + q)en _ E(e,nJrl + en),
€ , Y .. ,
= z(e“+1 +e™) —(d+q)i" — E(l"+1 +im),

= %(i"“ +iMY = (d + q)rm,

e+ +i"+r)+m"

n+1
m 1+39(h) ’
b1 _ Sp(h)ym™*t! + 5™
1+ Bo(h)in
n+l;n n — £
s _ OIS+ e (L= () (a+q+3)
- :
1+
& pntl in(1 — Y
. > ™t +e™+i"(1—eh) (d +q+ 2))
1+Lom)

= %w(h)(i"“ +iM) + (1= () (d + ).

3.2 Method 2
We propose our second new NSDF method for the system (5) in the following form:

mn+1 _ mn 6
O) =d+q)E"+i"+r") — z(m”+1 +m"),
sn:(;)sn _ g(mn+1 +mh) — ﬁsn+1in'
e+l _ on e
(p(h) — ﬁsn+1in _ (d + q)en _ E(e,nJrl + en),
n+l _ jn
% — %(en+1 + en) — (d + q)in _%(in+1 + in)’
P R
W — %(inJrl + ln) —_ (d + C[)T'n,

by simplifying the above relationships, we have:

P+ e + 7 + 1)+ m (1 -2

mn+1
145500
6(p(h‘) (mn+1 + mn) + STL
gn+l — 2
1+ Bp(h)in
n+i;n n _ £
it Bo(h)s™ i + e (1 — ¢p(h) (d +q+ 2))
5 :
1+50(h)
€ (en+1 in(1 — Y
o _ 2T+ () (d+q+1)
1+Lom)

P = 2T+ M) + (L= p(d + 9)),
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4. Boundedness and the Conservation Law

In this section, we investigate the boundedness and the conservation law.
Definition 4.1 Using [5], consider a system modeled by n-first-order differential equations

Z=feo,
where,
2O = (O %OV f@T = (A, L),
let
M@ = 5.
i=1

If M(¢) satisfies a scalar differential equation of the form

aM
2 =@,
where f is a function depending only on M, then Eq. (13) is a conservation law for the system given by Egs. (10) and (11).

Proposition 4.2 Methods (7) and (9) preserve the conservation law.
Proof. By summing the equations in (6) we have:

d . ) ]
E(m +s+e+i+r)=(d+qg)e™ +i"+r") —FmM + m — BsnHLn
€
+Bs™H" — (d + q)e™ — E(e"’r1 +e™)

&
+5 (M +em) = (d + " —%(i““ +im)

+%(in+1 +iM = (d+q)r =0,
and
ML 4 gL Nl Ll Lt _n g on _jn g — )
where
mt+st+er+i"+rt=1,
we have

mn+1 + Sn+1 + en+1 + in+1 + .r.n+1 — 1’

therefor the method (7) preserve the conservation law. Similarly, by summing the equations in (8) we have:
d . . ) ) .
E(m +s+e+i+r)=W+q)Ee"+i"+1") —E(mn+1 +m") +E(mn+1 +m") — Bs™HLn
&
+Bs™i" — (d + q)e™ — E(e"+1 +e™)
€ . Y. .
+z(e”+1 +e™) —(d+q)i"— z(ln'” +im)

FLE N~ @+t =0,

and
mitl o gnHl Lo pntl L ntl L gndl _gun_ on_ on _n e — 0,
where
mt+st+er+i"+rt=1,
we have

ML gL g el gl g gkl

therefor the method (9) preserves the conservation law. m

Definition 4.3 Solutions of system
x'=f(tx), t>0
are bounded if the solution x(t, to, x,) of the system satisfies in the following:
I x(t, to, x0) IS C(ll x II, £), VE =t

where C: R, X R, — R, is a constant dependent on t, and x,.

(10)

(11)

(14)

(15)
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Proposition 4.4 Methods (7) and (9) are bounded.

Proof. Since the proposed schemes are positive, and all variable are nonnegative real numbers and according to the conservation
law, the sum of theme variables equal to one, it follows that the methods have the boundedness.

5. Positivity

In this section, we investigate the positivity property of the constructed methods in the previous section.
Definition 5.1 The finite-difference method is called positive, if, for any value of the step size h, and y, € R} its solution remains positive, i.e.
v €RY forallk € N.

Theorem 5.2 Sufficient condition for methods (7) and (9) to be positive is the following:

0<oph)<

7
d+q+5

Proof. Assume that m™,s™, e, i", and r™ are nonnegative real numbers so for positivity of method (7) it is enough to show that:

€ 1
1—<p(h)(d+q+—)20. e o) —— (16)
2 &
(d + q + 7)
1—<p(h)(d+q+%)20, o <p(h)S—1 7~ (17)
(d+q+1)
1
1-p(M)(d+q =0, © ¢h)< (d—-l—q) (18)
from (16)-(18) can be seen that
1 1 1
@(h) < min , , (19)
eyl
which leads to
0< o) <——.
S a e+ (20)
Similarly, for the positivity of method (9), it is enough to show that
1_6({)_(}1)20, = (p(h)gz, (21)
2 )
1—(p(h)(d+q+;)20, e o)< ! - (22)
(a+q+5)
)4
1-pM)(d+q+5)20, & gh)< : (23)
2 d+q+H
1
1-9pM)(d+q)=0, h) < ——, (24)
(@ +q) e o) )
therefore from (21)-(24) we have
@(h) < min z ! ! ! (25)

§'(d+q+5) (d+q+L)@+a

which leads to

1
0<oph) <s——.
d+q+} (26)
Thus inequalities (20) and (26) gives:
1
0<¢ph) s——;,
d+q+% @7)

and this completes the proof. m

6. Numerical Results

In this section, we present some numerical simulations to confirm the advantages of the constructed NSFD methods. Consider
model (5) with the parameters:

d =1/(40 * 365), 8 = .14,6 = 1/180,¢ = 1/14,y = 1/7,q =0,
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Fig. 2. Numerical results of the new methods with h = 10,m(0) = 0.05,s(0) = 0.87,¢(0) = 0.03,i(0) = 0.05,7(0) = 0.

o 500 1000 1500 2000 2500 3000 3500

(a) Method 1 (b) Method 2

Fig. 3. Numerical results of the new methods with h = 10,m(0) = 0.05,s(0) = 0.87,e(0) = 0.03,i(0) = 0.05,7(0) = 0.

g . .
Do 0.5 1 15 2 25 3 35 o 0.5 1 15 2 25 3 35
Time(years) w10% Time(years) w104
(a) Method 1 (b) Method 2

Fig. 4. Numerical results of the new methods with h = 10,m(0) = 0.05,s(0) = 0.87,e(0) = 0.03,i(0) = 0.05,7(0) = 0.
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Fig. 5. Numerical results of the new methods with h = 10,m(0) = 0.05,s(0) = 0.87,e(0) = 0.03,i(0) = 0.05,7(0) = 0.
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Fig. 6. Numerical results of the new methods with h = 10,m(0) = 0.05,s(0) = 0.87,e(0) = 0.03,i(0) = 0.05,7(0) = 0.
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Fig. 7. Numerical results of the new methods with h = 10,m(0) = 0.05,s(0) = 0.87,e(0) = 0.03,i(0) = 0.05,7(0) = 0.
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Table 1. Qualitative behavior with respect to E, of the methods considered on the problem (4) with m(0) = 0.05,s(0) = 0.87,e(0) = 0.03,i(0) = 0.05,7(0) = 0.

h Euler RK?2 Method1 Method2
0.1 Convergence Convergence Convergence Convergence
1 Convergence Convergence Convergence Convergence
5 Convergence Convergence Convergence Convergence
10 Divergence Convergence Convergence Convergence
15 Divergence Divergence Convergence Convergence
20 Divergence Divergence Convergence Convergence
50 Divergence Divergence Convergence Convergence
100 Divergence Divergence Convergence Convergence

Table 2. The computational time used to obtain Figures 1-7.

Figure (a) (b)
Fig. 1 0.65s 0.66s
Fig. 2 3.62s 5.71s
Fig. 3 0.72s 0.73
Fig. 4 0.65s 0.68s
Fig. 5 1.8s 1.81s
Fig. 6 1.8s 1.82s
Fig. 7 0.64s 0.65s
0.45 T T T T T 0.45 T T T T T
04 1 04 8
0.35 1 0.35 §
oaf —M(t)| - 0ar — Mt 4
—E(t) —
0.25 it |7 0.25 I |
0.2 R{t) | 0.2 Rit) | |
0.15 1 0.15 ]
0.1 1 0.1 b
0.05 L 5 0.05 %K 5
ﬂ" P = — — il ———— = — _—
005 : : \ : : 005 : : : : :
0 200 400 600 800 1000 1200 o 200 400 600 800 1000 1200
Time(years) Time(years)
(a) Method 1 (b) Method 2

Fig. 8. Numerical results of the new methods with h = 10, m(0) = 0.05,s(0) = 0.87,e(0) = 0.03,i(0) = 0.05,7(0) = 0.

and according to inequalities (19) and (27), we take:

1 1 1
Q = min{—, , , ,
§'(a+q+3) (d+q+l)@+a
and
tanQh
ph) = 0

The parameters used in these simulations have been taken from [40]. Figure 2 shows that the new methods retain the
positivity property, while the Euler method and the second-order Runge-Kutta method (RK2) give negative values when using
the MSEIR model, (see Figure 3). Figure 4 shows that the values of R(t) and S(t) are approaching 0 and 1, respectively. In Figure 5,
we see that the values E(t) and I(t) approach zero and remain positive, which means that they do not go beyond the dynamic
system. In Table 1, we see that the Euler and RK2 methods diverge with increasing the step-size, but the new schemes are
convergent for all h. In Figures 6-7, we used the same parameters as above for §, ¢, y, and g but we choose = 0.17 so that R, =
1.1883. As can be seen for each h, nonstandard methods give good approximations and converge to the endemic equilibrium,
and it is also clear that our schemes converge to the endemic equilibrium better than the method presented in [40]. If the
sufficient condition in Theorem 5.2 is violated, then the numerical solutions may exhibit spurious oscillations and the new
methods produce negative values, (see Figure 8). In Table 2, computational time used to obtain Figures 2-8 presented. It is worth
pointing out that the required codes written in MATLAB. The feature of computer, that authors used to solve these four numerical
methods, was RAM 8GB and CPU 2.40GHz.
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To obtain numerical solutions, we do the following:
e  Step 1 Select values: m°, €°,s%i%7°% such that m®+ e® +s°+ {®+ %= 1.
e Step2Forn=0,1,2,...,do
e  Step 3 Calculate m™*.
e  Step 4 Using this value of m™,i" and s", calculate s™**.
e  Step 5 Using this value of s, i® and e", calculate e™**.
e  Step 6 Using this value of e”', e™ and i", calculate i"**.
e  Step 7 Using this value of i*,i" and r", calculate r"**.

7. Conclusions and Discussion

In this paper, we introduced two nonstandard finite difference (NSFD) methods for the MSEIR epidemic model. The properties
such as positivity and boundedness for the proposed methods have been shown. Also, these methods preserve the conservation
law.
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