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Abstract. An exact analytical solution for transversal free vibrations of a beam subjected to an arbitrary distributed
axial load and a tip tension is obtained by means of a power series representation, whose coefficients are determined
recursively in an easy way. The dependence on the natural frequencies on the load is then investigated, and the
buckling load (corresponding to vanishing frequency) is also discussed. Next, the 1:3 internal resonance between
the first and the second mode is deeply studied, and an interesting (and unexpected) property is found for linearly
distributed axial loads.

1. Introduction

The problem of transversal vibrations (and static buckling) of a beamwith a distributed axial load, and possibly a tip force in the
axial direction, is interesting and find applications in vertical risers [1, 2, 3, 4], rotating blades [5], tall slender structures subjected
to their own weight (trees [6], obelisks [7], slender skyscrapers, etc.) and in many other engineering applications. For an overview
on the problem the reader is referred to [8].

The effect of a concentrated axial force, acting on the boundary of the beam, on the natural frequencies has been considered
in classical references [9] and textbooks [10, 11]. Here, because of the absence of the distributed axial load, the solution can be
obtained in closed form for all boundary conditions [12]. Comparison of different theoretical results (beam theory, FEM and Ritz
method) is reported in [13], where also an episodic experimental result is presented. More systematic and extended experiments,
and a comparison with numerical computations, are the subject of [14].

Much more demanding is the case with a distributed axial load. According to Love [15], Art. 276, and Villaggio [16], pag. 256, the
static buckling load of a beam with uniformly distributed axial load has been solved for the first time by Greenhill [17], which obtained
a closed form solution using Bessel functions.

The problem of transversal vibrations of beam subjected to a distributed axial load, which is even more difficult, has been ad-
dressed by various authors. Laird and Fauconneau [18] obtained upper and lower bounds for natural frequencies. Similarly, Pilking-
ton and Carr [19] obtained an approximate solution starting from the Rayleigh quotient. Kim [20] found a closed form approximate
analytical solution by using the WKB method.

Sparks [21] obtained an elaborated approximate analytical solution exploiting the known solution for cables (i.e. strings). As
a matter of fact, he also reported the exact solution, in terms of Bessel functions, when the flexural stiffness is negligible, i.e. for
cables. A quite similar analysis is done by Senjanovic et al. [22], that better highlight the role of the “hypothetic tension force”
and of the segmentation method they used. This work has been extended to the nonlinear regime in [23]. A numerical state-space
approach is used in [24], where the results are validated with other, numerical and analytical, methods.

In the case of uniformly distributed axial load, and for any boundary conditions, an elegant closed form solution is obtained by
Huang and Dareing [25, 26] by a power series, that however cannot be expressed in terms of known special functions (Bessel or
others). Paidoussis [27] noted that 50 terms in the power series are needed to have an adequate accuracy (see also [24]).

In this paper, the Huang and Dareing [25, 26] solution is extended to any arbitrarily distributed axial load, and with the presence
of a tip tension. In fact, to the best of the authors’ knowledge, previous works always deal with uniformly distributed load or,
equivalently, linearly varying axial force.

Furthermore, attention is focused on internal resonance [28, 29, 30], in particular on 1:3 resonance between the first and the
second mode. The authors are not aware of previous papers dealing with internal resonance in beam with distributed axial loads.

This is motivated by its interest in practical applications. In fact, internal resonance, if not properly detected, may lead to
unwanted dynamical behaviour due to nonlinear coupling, with unexpected activation of unforced natural modes, which may be
dangerous for the structure. There is an hypothesis, supported by detailed arguments, that an internal resonance could be respon-
sible for the famous collapse of the Tacoma Narrows Bridge [31].
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Fig. 1. The beam subject to distributed load and end traction.

2. The mechanical model

We consider the transversal, planar, linear vibrations of the Euler-Bernoulli beam reported in Fig. 1, which is subjected to an
arbitrary distributed axial load q̄(z̄), to an end traction T̄ and with generic boundary conditions (in Fig. 1 only the hinged-“hinged”
case is reported for simplicity).

The equation of motion for the undamped free vibrations is (see eq. (11.178) of [11]):

ρA¨̄v + (EJv̄′′)′′ − (P̄ (z̄)v̄′)′ = 0, (1)

where v̄(z̄, t̄) is the transversal displacement, L the length of the beam,

P̄ (z̄) = T̄ +

∫ L

z̄
q̄(s̄)ds̄ (2)

is the given internal axial force in the cross-section at distance z̄ from the left end side A, and where the bending stiffness EJ and
themass per unit length ρA are constant since the beam is assumed to be homogenous and with constant cross-section. Dot means
derivative with respect to time, and prime with respect to the spatial variable z̄.

Since we are looking for free harmonic vibrations, it is customary to look for a solution in the form

v̄(z̄, t̄) = v(z̄) sin(ωt̄). (3)

where v(z̄) is the mode shape and ω the natural (circular) frequency. The PDE (1) then becomes the ODE

−ω2ρAv + EJvIV − (P̄ (z̄)v′)′ = 0. (4)

It is useful to deal with a dimensionless version of (4). Defining

z =
z̄

L
, λ = ω2 ρAL4

EJ
, P (z) =

P̄ (z̄)L2

EJ
, T =

T̄ L2

EJ
, q(z) =

q̄(z̄)L3

EJ
, (5)

the equation (4) becomes

−λv + vIV − (P (z)v′)′ = 0, (6)

that will be considered in the following. Here P (z) = T +
∫ 1
z q(s)ds and λ is the square of the dimensionless frequency. Note that

there is no need to adimensionalize v, since (6) is linear in v.
The transversal boundary conditions associated to (6), already in the dimensionless form, are

• hinged: v = 0 and v′′ = 0;

• fixed: v = 0 and v′ = 0;

• free: v′′′ − Pv′ = 0 and v′′ = 0;

• slider: v′′′ − Pv′ = 0 and v′ = 0,

to be applied at z = 0 and z = 1.
In the axial direction the beam is always fixed at z = 0 and the dimensionless traction force T is applied at z = 1 (see Fig.

1). However, the former boundary conditions is not explicitly required since we are considering the linear regime and the beam is
straight, while the latter is implicitly considered in (2).

3. Power series solution

Since polynomials are dense, without loss of generality the arbitrary continuously distributed axial load q(z) can be represented
in the form

q(z) =
∞∑
i=0

qiz
i. (7)

This suggests looking for the exact solution as a power series, too,

v(z) =
∞∑
i=0

viz
i, (8)
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Natural frequencies and internal resonance of beams with arbitrarily distributed axial loads 1011

thus extending to the generic case q(z) and T ̸= 0 the same solution used in [25, 26] for the constant distributed load, q(z) = q0.
Inserting (8) in (6), and using (7), we get the following recurrence relation between the coefficients vn, n ≥ 0:

vn+4 =
λ

(n+ 4)(n+ 3)(n+ 2)(n+ 1)
vn

+
1

(n+ 4)(n+ 3)

(
T +

∞∑
k=0

qk

k + 1

)
vn+2

+
1

(n+ 4)(n+ 3)(n+ 2)

n∑
k=0

qk
k − n− 1

k + 1
vn+1−k. (9)

Note that for q(z) = 0 the previous recurrence gives, depending on v0, v1, v2 and v3, trigonometric and hyperbolic sine and cosine
functions.

By using (9), once v0, v1, v2 and v3 are given, the solution v(z) is known by (8). Note that in general, even if q(z) has a finite
number of terms, the solution v(z) has infinite terms. However, it can be easily approximated by a sufficiently large number N of
terms in (8).

It is useful to consider four different cases:

1) v0 = 1, v1 = 0, v2 = 0, v3 = 0 → g0(z), (10)

such that g0(0) = 1, g′0(0) = 0, g′′0 (0) = 0, g′′′0 (0) = 0,

2) v0 = 0, v1 = 1, v2 = 0, v3 = 0 → g1(z), (11)

such that g1(0) = 0, g′1(0) = 1, g′′1 (0) = 0, g′′′1 (0) = 0,

3) v0 = 0, v1 = 0, v2 = 1/2, v3 = 0 → g2(z), (12)

such that g2(0) = 0, g′2(0) = 0, g′′2 (0) = 1, g′′′2 (0) = 0,

4) v0 = 0, v1 = 0, v2 = 0, v3 = 1/6 → g3(z), (13)

such that g3(0) = 0, g′3(0) = 0, g′′3 (0) = 0, g′′′3 (0) = 1,

so that the general solution can be written as the linear combination

v(z) = c0 g0(z) + c1 g1(z) + c2 g2(z) + c3 g3(z), (14)

having the properties

v(0) = c0, v′(0) = c1, v′′(0) = c2, v′′′(0) = c3. (15)

Examples of the four functions g0(z), g1(z), g2(z) and g3(z), that depend on λ, q(z) and T , are reported in Fig. 2.
By imposing the appropriate boundary conditions, we find a linear algebraic system of four equations in the four unknowns c0,

c1, c2 and c3. Since the system is homogeneous, the non trivial solution is obtained by vanishing the determinant of the associated
matrix. This leads to:

a) hinged-hinged: g1(1)g′′3 (1)− g3(1)g′′1 (1) = 0;
Tcr = −9.869604404 = −π2;

b) hinged-slider: g′1(1)g
′′′
3 (1)− g′3(1)g

′′′
1 (1) = 0;

Tcr = −2.467401101 = −(π/2)2;

c) fixed-fixed: g2(1)g′3(1)− g3(1)g′2(1) = 0;
Tcr = −39.47841762 = −(2π)2;

d) fixed-hinged: g2(1)g′′3 (1)− g3(1)g′′2 (1) = 0;
Tcr = −20.19972208 = −(π/0.699)2;

e) fixed-slider: g2(1)g′′′3 (1)− g3(1)g′′′2 (1) = 0;
Tcr = −9.869604404 = −π2;

f) fixed-free: [g′2(1)g
′′
3 (1)− g′3(1)g

′′
2 (1)]T + [g′′2 (1)g

′′′
3 (1)− g′′3 (1)g

′′′
2 (1)] = 0;

Tcr = −2.467401101 = −(π/2)2;

In the previous list the Tcrs are the classical Euler static (λ = 0) buckling loads without distributed load (q(z) = 0), that are reported
for the sake of comparison with forthcoming results.

Solving the previous equations gives the λs (they are a countable infinity, but only the lower are interesting from a practical point
of view) as a function of q(z) and T . The associated modal shapes can then be obtained by determining the non trivial solution of
the algebraic equations.

4. Results

We initially perform a convergence analysis to determine how many terms N are needed in (8) to have a sufficient accuracy. We
report in Fig. 3 the ratio between the approximate and the “exact” (for N = 100) dimensionless natural frequencies for the hinged-
hinged case and constant distributed load. It is possible to see that for N = 45 the convergence is reached (compare with the case
N = 50 used in [27]). However, since it does not require an extra computational effort, in the following we will use N = 100.
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Fig. 2. The functions g0(z), g1(z), g2(z) and g3(z) for λ = 20, T = 10 and q(z) = −20z + 4z3. N = 100 terms are used in the series (8).

Fig. 3. The ratios between the approximate and the “exact” (for N = 100) dimensionless natural frequencies for increasing number of approximating
terms N . Green=first mode, red=second mode, blue=third mode, black=fourth mode. q(z) = 100, T = 0, hinged-hinged boundary conditions.

4.1 Natural frequencies

In this section we report the natural frequencies for different boundary conditions, for T = 0 and for three different distributions
of q(z):

q(z) = q0, q(z) = 6 q1 z(1− z), q(z) = 3 q2z
2. (16)

Note that in all cases q0, q1 and q2 represent the magnitude of the total load applied to the beam, i.e. the load resultant of the
distributed load, so that the comparison between the three cases is easier. The only difference is in the distribution along the span,
and in the position of the resultant (L/2 for the first two cases, 3L/4 for the third case).

The first four natural frequencies for the constant distributed load q(z) = q0 are reported in Fig. 4 by solid curves. Note that, as
expected, the same results of [25, 26] have been obtained. The static buckling loads are those for which ω1 = 0, and are reported in
Tab. 1.

The first four modal shapes for q(z) = 100, normalized by
∫ 1
0 v(z)2dz = 1, are reported in Fig. 5.

For the symmetric parabolic distributed axial load q(z) = 6 q1 z(1 − z) the natural frequencies are reported by dashed curves in
Fig. 4, while static buckling loads are reported in Tab. 2.

The dashdot curves of Fig. 4 correspond to the natural frequencies of the asymmetrical parabolic distributed load q(z) = 3 q2 z2.
The static buckling loads are instead reported in Tab. 3.

Solid and dashed curves practically coincide in Fig. 4, namely there are minor differences between constant and symmetrical
parabolic distributed axial loads. This means that the natural frequencies are not very much affected by the spatial distribution of
the load (at least for the considered cases). On the other hand, there are some differences with the case of asymmetrical parabolic

Journal of Applied and Computational Mechanics, Vol. 7, No. SI, (2021), 1009-1019
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a) b)

c) d)

e) f)

Fig. 4. The first four (dimensionless) natural frequencies for q(z) = q0 (solid curves), for q(z) = 6 q1 z(1 − z) (dashed curves) and for q(z) = 3 q2 z2

(dashdot curves). a) hinged-hinged, b) hinged-slider, c) fixed-fixed, d) fixed-hinged, e) fixed-slider, f) fixed-free. T = 0.

distributed axial loads (dashdot curve), i.e. the natural frequencies are instead influenced by the abscissa of the point of application
of the resultant. In particular, for negative resultants the natural frequencies decrease when the resultant get closer to the boundary,
while the ωis increase for positive values of qi.

Similar conclusions can be drawn for the buckling load (compare Tabs. 1, 2 and 3). We note that the buckling load decreases (in
absolute value), when the resultant get closer to the boundary.

4.2 Internal resonances

Looking for internal resonances, the ratio between the second and the first natural frequencies is reported in Fig. 6, again by
solid curves for constant distributed load, dashed curves for parabolic load and dashdot curves for asymmetricral parabolic load.

The most important internal resonances are 1:2, that may be activated in the presence of quadratic (asymmetric) nonlinearities,
and 1:3, that my be activated by cubic (symmetric) nonlinear terms [32].

It is seen that 1:4 and 1:3 internal resonances occur for fixed values of the governing parameters, which are reported in Tabs. 1,
2 and 3. By varying the boundary conditions, the values of q0, q1 and q2 for internal resonances vary, but the qualitative behaviour
remains the same. Again, there are no major differences between constant and symmetrical parabolic distributed axial loads, while
there are some differences with the asymmetrical parabolic load, due to the different position of the resultant.

The 1:2 and 1:1 internal resonances, on the other hand, have not been observed. Actually, 1:2 internal resonance can be observed
when q0 → ∞; this can be easily understood, since in this case the beam becomes a string (the second order spatial derivative
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buckling res. 1:4 res. 1:3
a) hinged-hinged -18.57 0.00 30.91
b) hinged-slider -3.48 26.76 123.79
c) fixed-fixed -74.63 -51.60 -20.93
d) fixed-hinged -52.50 -25.27 18.22
e) fixed-slider -18.96 27.09 151.16
f) fixed-free -7.84 18.21 70.12

Table 1. Critical values of q0 for constant load q(z) = q0, T = 0.

a) b)

c) d)

e) f)

Fig. 5. The first (solid curves, black), second (dash curve, red), third (dashdot curve, green) and fourth (longdash curve, blue) normalized modal shapes
for q(z) = 100. a) hinged-hinged, b) hinged-slider, c) fixed-fixed, d) fixed-hinged, e) fixed-slider, f) fixed-free. T = 0.

becomes dominant with respect to the fourth order) where it is well known the occurrence of this resonance. The reasoning is
confirmed by the fact that all curves reported in Fig. 6 tend to 2 for q0,1,2 → ∞.
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buckling res. 1:4 res. 1:3
a) hinged-hinged -18.34 0.00 31.75
b) hinged-slider -3.26 24.09 97.74
c) fixed-fixed -72.74 -50.84 -20.78
d) fixed-hinged -52.32 -24.77 18.72
e) fixed-slider -18.40 25.42 126.33
f) fixed-free -8.71 19.22 69.22

Table 2. Critical values of q1 for parabolic load q(z) = 6 q1 z(1 − z), T = 0.

buckling res. 1:4 res. 1:3
a) hinged-hinged -14.15 0.00 23.98
b) hinged-slider -2.65 20.70 119.83
c) fixed-fixed -50.24 -34.02 -13.81
d) fixed-hinged -34.07 -15.44 12.13
e) fixed-slider -11.82 18.10 125.88
f) fixed-free -4.22 10.06 48.90

Table 3. Critical values of q2 for asymmetrical parabolic load q(z) = 3 q2 z2, T = 0.

4.3 1:3 internal resonance

In the previous section we have seen the occurrence of the 1:3 internal resonance between the first and the second mode for
all boundary conditions. Here this important phenomenon is deeply investigated, with the goal of determining its robustness by
varying the distributed load q(z) and the axial tension T .

We start with by considering constant load, q(z) = q0, and varying the end traction T . For each T , the value of q0 guaranteeing
1:3 internal resonance between the first and the second mode is reported in Fig. 7. The most important observation is that for any
considered value of T there is always a q0 providing 1:3 internal resonance. In other words, T is not able to destroy the occurrence
of this dynamical phenomenon, but it just shifts it in the parameters space.

We observe that q0 is a decreasing function of T ; only for the fixed-free case, after initially decreasing, then it increases slowly,
and we note that for q0 < 67 there is no 1:3 internal resonance for any value of T . Actually, in the cases of hinged-slider and fixed-
slider, the decrement of q0 is very low, and, like for the fixed-free case, below a certain threshold (q0 < 110 and q0 < 125, respectively),
there is no 1:3 internal resonance for every value of T .

It is interesting to note that the fixed-hinged case approaches the hinged-hinged case for negative (compression) values of T ,
while it approaches the fixed-fixed case for large tractions.

Let us now focus on the hinged-hinged case and consider a linearly distributed load, i.e. q(z) = q0 + q1z. In the parameters
plane (q0, q1), and for different values of T , the loci of points providing 1:3 internal resonance are reported in Fig. 8. Interestingly,
the curves q1(q0) are almost linear, and the slope barely depends on T .

Let us fix T , for example T = 0 (the thick curve of Fig. 8). The load corresponding to q1(q0) of Fig. 8, namely q(z) = q0 + q1(q0)z,
are reported in Fig. 9. Surprisingly, all load distributions intersect in practically the same point, at zcr = −q0/q1 ∼= 0.598 for the value
qcr = q(zcr) = 30.78 (note that qcr = q0(q1 = 0); it is also q0(T = 0) of Fig. 7 and, approximately, the value in the last column of
Tab. 1), which is almost independent on the slope q1. This is a very unexpected property, that allows us to conclude that any linear
distributed load passing through qcr at zcr provides 1:3 internal resonance.

It should be noted that the intersection points are not exactly the same, but they are very close. For the case of Fig. 8 the 18
intersection points have average value zcr = 0.598 and standard deviation σz = 0.007266. This latter is so small that practically we
can consider the average value as the representative of all cases.

The property illustrated in Fig. 9 is not specific of hinged-hinged boundary conditions, nor of T = 0. Actually, behaviours
qualitatively similar to that of Fig. 8 are observed for any boundary conditions and for any value of T . The functions zcr(T ) are
reported in Fig. 10. Note that the zcr barely varies (apart from the fixed-free case, that confirms to be a little bit “different”, see Fig.
7), and for increasing T it becomes almost constant.

The conclusion is that, for a fixed T , any linear distributed load having at zcr given in Fig. 10 the value q(zcr) = q0 reported in
Fig. 7, provides 1:3 internal resonance.

5. Conclusions and further developments

The free vibrations of a beam subjected to a generic distributed axial load have been investigated in depth. The exact analytical
solution has been obtained in terms of a power series. A simple recurrence expression (eq. (9), valid for any boundary conditions)
for the coefficients of the series has been proposed. It extends a previous solution valid only for uniformly distributed axial loads.

The general results have been illustrated by comparing the cases of constant and parabolic (symmetrical and asymmetrical)
distributed loads, with no tip tension. It is shown that the natural frequency slightly depends on the shape of the distributed axial
load, but mainly on their magnitude. In spite of this, however, it is expected that more complex spatial distribution of loads may
affect significantly the natural frequencies.

The static buckling loads have also been determined in the previous cases.
Then, attention was paid to 1:3 internal resonance, and it has been shown that it is a robust phenomenon. In particular, its

persistence for varying traction and for different linearly distributed axial load is illustrated.
A very unexpected property is found: when a linearly distributed load has a certain value at a certain abscissa (both depending

on T and on boundary conditions, and determined in this work), any slope of the load leads to a 1:3 internal resonance.
An extension of the proposed solution to the case of varying bending stiffness and varying distributed mass, in addition to

varying distributed axial load, can be easily foreseen by the same power series technique. Other possible developments concern
experimental results confirming the present findings, in particular the 1:3 internal resonance; extension to the nonlinear regime
(see [4] in this respect), in general and with specific attention to 1:3 internal resonance; optimization of distributed load for desired
performance; exploitation of the proposed solution for specific practical applications.
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a) b)

c) d)

e) f)

Fig. 6. The ratio between the second and first natural frequencies for q(z) = q0 (solid curves), for q(z) = 6 q1 z(1 − z) (dashed curves) and for
q(z) = 3 q2 z2 (dashdot curves). a) hinged-hinged, b) hinged-slider, c) fixed-fixed, d) fixed-hinged, e) fixed-slider, f) fixed-free. T = 0.
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