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Abstract: Single and multi-walled carbon nanotubes (SWCNTs & MWCNTs) comprise a large group of nanometer-thin hollow 
fibrous nanomaterials having physico-chemical characteristics like atomic configuration, length to diameter ratios, defects, 
impurities and functionalization. This manuscript is devoted for the analysis of carbon nanotubes based non-Newtonian 
nanofluid suspended in ethylene glycol taken as base fluid. The problem is modeled through modern method of fractional 
calculus namely Atangana-Baleanu fractional derivative and then solved analytically by invoking Laplace transform. The analytic 
solutions are established for the temperature and velocity distribution and expressed in terms of special function. The graphical 
results are depicted through computational software Mathcad and discussed for carbon nanotubes with various embedded 
parameters. An interesting comparison is explored graphically between single and multi-walled carbon nanotubes subject to the 
single and multi-walled carbon nanotubes are suspended in ethylene glycol. The several similarities and differences suggested 
that carbon nanotubes are accelerated and decelerated, while for unit time t = 1s, carbon nanotubes have identical velocities with 
and without fractional approach. 

Keywords: Carbon Nanotubes; Atangana-Baleanu Fractional derivative; Analytical approach; Fox-H function. 

1. Introduction 

Nowadays the discoveries of different forms of carbon nanostructures have motivated research on their applications in 
various fields, hence these discoveries of carbon nanotubes (CNT) in 1991 opened up a new era in materials science. The 
fascinating properties and incredible structures of carbon nanotubes (CNT) are enumerated as (i) carbon nanotubes are good 
electron field emitters, (ii) carbon nanotubes have high electrical and thermal conductivity, (iii) carbon nanotubes have very high 
tensile strength, (iv) carbon nanotubes have a low thermal expansion coefficient, (v) carbon nanotubes are very elastic 
approximately 18% elongation to failure, (vi) carbon nanotubes are highly flexible which can be bent considerably without 
damage, (vii) carbon nanotubes are at least 100 times stronger than steel and only one-sixth as heavy, (viii) carbon nanotubes are 
unique because the bonding among the atoms is very strong and the tubes can have extreme aspect ratios, (ix) carbon nanotubes 
have many structures, differing in thickness, number of layers and length, (x) carbon nanotubes are thin and cylindrical shaped 
with diameter ranges 0.7-50 nm and many other electronic, magnetic and mechanical properties as well. These splendid 
properties of carbon nanotubes have great significance and applications. For instance, carbon nanotubes’ thermal conductivity, 
carbon nanotubes’ field emission, carbon nanotubes’ conductive adhesive, carbon nanotubes’ energy storage, carbon nanotubes’ 
conductive properties, carbon nanotubes’ fibers and fabrics, carbon nanotubes’ biomedical applications, carbon nanotubes’ 
thermal materials, carbon nanotubes’ air and water Filtration, carbon nanotubes’ catalyst supports, Molecular electronics based 
on carbon nanotubes, carbon nanotubes’ structural applications and several others. Carbon nanotubes are categorized as single, 
double and multi walled as shown in Fig. 1. 

Choi [1] gave a concept about nanomaterial in fluid mechanics to enhance the convective heat transfer coefficient and 
thermal conductivity of base liquid. Ramasubramaniam et al. [2] investigated the electrical conductivities of two different types of 
polymer composite namely PPE-SWNTs/polycarbonate and PPE-functionalized SWNTs/polystyrene composites. Xue [3] presented 
the validity of the transport properties of the carbon nanotubes-based composites. Berber et al. [4] determined the thermal 
conductivity lambda of carbon nanotubes having dependence on temperature.  
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Fig. 1. Structure of carbon nanotubes. 

Hone et al. [5] synthesized nanotube-based composite materials and measured their thermal conductivity. Jiang et al. [6] 
presented the study for building a model for predicting the thermal conductivities of carbon nanotubes nanorefrigerants and to 
test thermal conductivity characteristics of carbon nanotubes nanorefrigerants. Tan and Mieno [7] calculated the temperature 
distribution of the buffer gas and the cooling rate of carbon clusters through numerical analysis on heat convection in the 
synthesis of single-walled carbon nanotubes. Mayer et al. [8] studied a hot problem of carbon nanotubes and heat transfer in 
presence of aqueous suspensions experimentally in which they suggested the increase in viscosity was four times the increase in 
the thermal conductivity. Haq et al. [9] investigated the water functionalized carbon nanotubes squeezing flow between two 
parallel discs in which comparison among carbon nanotubes are analyzed for local Nusselt number and skin friction coefficient. 
Haq et al. [10] observed the effects of volume fraction of carbon nanotubes (CNTs) and magnetohydrodynamics (MHD) on the flow 
and heat transfer over a stretching sheet. They explored the comparisons for three models namely (i) Hamilton and Crosser 
model, (ii) Maxwell model and (iii) Xue model for the thermal conductivity. Ellahi et al. [11] solved the nonlinear partial 
differential equations for natural convection boundary layer magnetohydrodynamic flow with variable wall temperature based on 
nanolayer single and multi-wall carbon nanotubes in salt-water. In brevity, the studies on carbon nanotubes [12-16], heat and 
mass transfer [17-24], nanofluids [25-31], nanoparticles [32-33], modern fractional methods [34-44] and nanotubes in Microfluidic 
devices [52-61] can be continued but we end here with latest attempts therein. Inspiring by above discussed literature, our 
purpose is to devote an analysis of carbon nanotubes based Casson nanofluid suspended in ethylene glycol. The governing 
equations are transferred through modern technique of fractional derivatives namely Atangana-Baleanu fractional operator and 
then investigated analytically using integral transform. The analytic calculations are investigated for the expression of 
temperature and velocity distribution and then written in the layout of Fox-H special function. The graphical results are depicted 
for the discussion of carbon nanotubes with various embedded parameters. A comparison is explored graphically between single 
and multi-walled carbon nanotubes when they are suspended in ethylene glycol.   

2. Modeling of Problem via Atangana-Baleanue Fractional Derivative 

The Cauchy stress tensor of Casson fluid in terms of constitutive equations is described as [45-46] 

2 ,
2

2 ,
2

y

cij

ij

y

cij

c

p
e

p
e

µ π π
π

τ

µ π π
π

       + >   =        + >     

. (1) 

Assume an unsteady flow of Casson nanofluid consisting of carbon nanotubes occupying a semi-finite space 0y>  with 

constant kinematic viscosity. An electrically conducting plate is assumed with a transverse magnetic field of strength 0B that is 

applied to the plate in a perpendicular direction. In order to have negligence of applied magnetic field, a small amount of 

magnetic Reynolds number is considered. The Casson nanofluid consisting of carbon nanotubes is saturated with porous plate. 

The carbon nanotubes and base fluid are under the assumptions of no slip occurrence and in thermal equilibrium. The fluid and a 

plate are at rest with constant temperature T∞ subject to the condition when 0τ = . A plate has nonlinear velocity 

0 ( ) aw H t τ=Ω over the bounding wall when 0τ += and temperature of plate is raised up to wT which is thereafter preserved as a 

constant [17, 47-48] 
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The appropriate initial and boundary conditions for equations (1-2) are  

( ) ( ),0 0, , ; 0,w T Tξ ξ τ τ∞= = = for all 0,ξ >  (4) 

( ) ( )00, ( ) , 0, 1; 0,aw u H Tτ τ τ τ τ= = ≥  (5) 

( ) ( ), 0, , 0; 0,w Tτ τ τ∞ = ∞ = >  (6) 
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Table. 1. Thermo-physical properties of Ethylne Glycol and nanoparticles (CNTs) 

Base Fluid/Nanoparticles ρ (Kg/m3) Cp (J/Kg K) k (W/m.K) 

Ethylene Glycol 1.115 0.58 0.1490 

SWCNTs 2600 425 6600 

SWCNTs 1600 796 3000 

where ( ) ( ), , ,w Tξ τ ξ τ , 2 /c ypγ µ π= are the velocity field, the temperature distribution, Casson-nanofluid parameter of Casson-
nanofluid respectively. While nfρ , nfµ , nfβ , nfk and ( )p nfc are density, dynamic viscosity, thermal expansion coefficient, thermal 
conductivity and heat capacitance of nanofluid. In this continuation, Maxwell theory was proposed by Xue [3] in which rotational 
elliptical nanotubes were considered with compensating the effects of the space distribution on carbon nanotubes via very large 
axial ratio can be described as 
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In order to determine the dimensionless heat transfer rates and the thermal conductivity of nanofluid, we need to give 
subscript as CNTs are referred as carbon nanotubes, f as fluid and φ  solid volume fraction of Casson nanofluid.   

Employing the suitable dimensionless quantities in equations (2-3) as described below 
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The recovered governing partial differential equations are 
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subject to the initial and boundary conditions defined as 
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are the permeability parameter, magnetic parameter, Prandtl number and Grashof number respectively, and the following 
quantities are sated as 
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3. Solution of the Problem 

3.1 Temperature distribution through Atangana-Baleanu time fractional operator  

In order to model the governing equation (9) of the temperature distribution via Atangana-Baleanu time fractional operator, 
we get fractional partial differential equation in new transferred operator defined as 

2

2
4

( , ) ( , )
.

Pr

AB α

α

θ ξ τ θ ξ τλ

τ ξ

 ∂ ∂  =   ∂ ℜ ∂ 
 (16) 

Here, ( ( , ) / )AB α αθ ξ τ τ∂ ∂  is the Atangana-Baleanu fractional differential operator of order [0,1]α =  defined as [37-38] 

0

( , ) ( ) '( , )
( ) .

1 1

AB
z

M d
τα α

αα

θ ξ τ α τ θ ξ τ
α τ

τ α α

   ∂ − −   =     ∂ − −   ∫ E  (17) 

Here, ( ) (0) (1) 1M M Mα = = =  is so called normalization function. Using Laplace transform on equation (16) and considering 

initial and boundary conditions (11-13), we have an expression in terms of partial differential equation as 
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For the sake of simplicity manuscript, we define the letting parameter as 1 1 .β α= −  The solution of differential equation 
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The equivalent expression of equation (19) was investigated by employing suitable generalized series for fulfilling the imposed 
conditions on governing equations, we recovered 
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where 1η  and 2η  are the summation parameters. Expressing equation (20) by means of special function and inverting it via 
Laplace transform, we have solution for temperature distribution in terms of Mittag-Leffler function [50] 
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Equation (21) justifies the imposed initial and boundary conditions as described in equations (11-13). 
 

3.2 Velocity distribution through Atangana-Baleanu time fractional operator  

In order to model the governing equation (10) of the velocity distribution via Atangana-Baleanu time fractional operator, we 
get fractional partial differential equation in new transferred operator defined as 
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Using Laplace transform on equation (22) and considering initial and boundary conditions (11-13), we have an expression in 
terms of partial differential equation as 
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The solution of differential equation (23) is simplified using equations (11-13), we obtain 
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Fig. 2. Plot for SWCNTs versus MWCNTs with varying values of volume fraction on temperature distribution. 

  

Fig. 3. Plot for SWCNTs versus MWCNTs with varying values of Casson fluid parameter on velocity field. 

  

Fig. 4. Plot for SWCNTs versus MWCNTs with varying values of magnetic field on velocity field. 
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Fig. 5. Plot for SWCNTs versus MWCNTs with varying values of porous medium on velocity field. 

  

Fig. 6. Plot for SWCNTs versus MWCNTs with varying values of volume fraction on velocity field. 

The equivalent expression of equation (24) was investigated by employing suitable generalized series for fulfilling the imposed 
conditions on governing equations, we recovered 

( )
2

3 4

4
2 3 4

1

1 9
11 1

1 0 03

! ! 1 1
( , )

1 ! !p p

p p
w q

q q m q

η
η η

αη
η η η

αβ
ξ ξ β

γ η β

−∞ ∞ ∞
−

+ +
= = =

     −ℜ     = + − ℜ       +    
∑ ∑ ∑  

                ( )
3

2

2 3

2 2
3

15
4

0 08 42 2
3 4 3

1 1
2 2 1

Pr

1 1
2 2

Gr
η

η

η η

η η
η

ξ λ β
η η

η η η

∞ ∞
−

= =

      Γ − + Γ +        ℜ     × − − ℜ       ℜ ℜ    Γ − − + Γ − +        

∑ ∑  

                             

( ) 4

4 3 4
3

2

0 24
4

2
2 1

,
! 2

2
q q

η

αη αη η
η

η

αβ

ηη
η

∞

+
=

  Γ +  −  
×

  Γ − +   

∑  

(25) 

where 9 1 2 2( ) /Mk kℜ = ℜ ℜ − ℜ . Expressing equation (25) by means of special function [51] and inverting it via Laplace transform, 

we obtain 
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It is worth pointed out that the equations (21) and (26) are the exact solutions obtained via Atangana-Baleanu fractional 
operator; both solutions of temperature and velocity distribution satisfy initial and boundary condition as well. The solutions of 
equations (21) and (26) can be also be particularized for the ordinary partial differential equations by letting 1α = . Furthermore, 
the solutions for the velocity field and temperature distribution are achieved by substituting 0γ =  in the equations (21) and (26), 
such similar solutions have been investigated by [49]. 

 
Fig. 7. Plot for SWCNTs verses MWCNTs with fractional and non-fractional (ordinary) approaches on velocity field for three different times.                                                                                                                             

4. Results and Conclusions 

In this article, we analyzed the carbon nanotubes based Casson nanofluid suspended in ethylene glycol by employing modern 
method of fractional calculus namely Atangana-Baleanu fractional derivative. The governing equations are solved analytically by 
invoking Laplace transforms. The analytic solutions are established for the temperature and velocity distribution and expressed 
in terms of special function. The graphical results are depicted and then discussed for carbon nanotubes with various embedded 
parameters in this portion. Furthermore, the main findings are examined with the contributions of different physical parameters 
like Casson-nanofluid parameter of Casson-nanofluid γ , solid volume fraction of Casson-nanofluid φ , permeability parameter 

Κ , magnetic parameter Μ , Prandtl number Pr , Grashof number Gr , carbon nanotubes and few others. 
(i) Fig. 2 is depicted to elucidate the effects of nanoparticles volume fraction on temperature distribution for carbon 

nanotubes. It is observed that temperature distribution is not decaying function of nanoparticles volume fraction either in 
single walled carbon nanotubes or in multi walled carbon nanotubes. Physically, temperature distribution of Casson-
nanofluid increases the corresponding thermal boundary layer for varying values of nanoparticles volume fraction. This 
may be due to the fact that the optimum value of any volume fraction depends on the reinforcing material; i-e carbon 
nanotubes. 

(ii) The influence of Casson-fluid parameter on carbon nanotubes is captured in Fig. 3. As expected, increase in Casson fluid 
parameter increases the velocity field for either single walled carbon nanotubes or multi-walled carbon nanotubes. 
Physically it is because of nanotubes structure in chiral, when Casson-fluid parameter increases then nanotubes do not 
cause the deceleration in velocity field.     
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(iii) The magnetic findings of the carbon nanotubes are investigated in Fig. 4. As the carbon nanotubes have various patterns 
of carbon, for this reason, magnetic field has very interesting result on carbon nanotubes. Enhancing the magnetic value 
results the reduction in the velocity boundary layer thickness for single walled carbon nanotubes, this may be due to the 
fact of the transport properties of carbon nanotubes. On the contrary, the magnetic field contact can magnetically polarize 
the nanotubes; this is why the similar trend is observed for multi-walled carbon nanotubes.  

(iv) Porous carbon nanotubes are depicted in Fig. 5 on the mobility of carbon nanotubes. The presence of porous medium in 
both types of carbon nanotubes has opposite trend which is perceived for the resistance of fluid velocity. 

(v) Fig. 6 is depicted for the significance of the nanoparticles volume fraction on velocity field between the range 
0,0.01,0.02φ =  for carbon nanotubes. It is observed that both types of carbon nanotubes have similar behavior on 

account of velocity field. In simplicity, increase of nanoparticle volume fraction has no major effect for carbon nanotubes. 
(vi) Fig. 7 depicts the visualizations of carbon nanotubes with fractional and non-fractional approaches at three different 

times 0.03 , 1 , 5t s t s t s= = = . For smaller time 0.03t s= , single walled carbon nanotube is accelerated either in fractional 

approach or non-fractional approach; for larger time 5t s= , single walled carbon nanotube is decelerated but multi-

walled carbon nanotube is rapid in comparison with single walled carbon nanotube either in fractional or non-fractional 
approaches. On the other hand, for unit time 1t s= , single and multi-walled carbon nanotubes have identical velocities 

with and without fractional approach. The same dynamics of carbon nanotubes can also be signified for temperature 
analysis. In brevity, the rheological characteristics of both types of carbon nanotubes can also be analyzed when carbon 
nanotubes are suspended in ethylene glycol as well. 
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