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Abstract. In this paper, beam-like structures, macroscopically behaving as planar Timoshenko beams, are considered.
Planar frames, made by periodic assemblies of micro-beams and columns, are taken as examples of these structures
and the effectiveness of the equivalent beam model in describing their mechanical behavior, is investigated. The
Timoshenko beam (coarse model) is formulated via the direct one-dimensional approach, by considering rigid cross-
sections and flexible axis-line, while its constitutive laws is determined through a homogenization procedure. An
identification algorithm for evaluation of the constitutive constants is illustrated, based on Finite Element analyses of
the cell of the periodic system. The inertial properties of the equivalentmodel are instead analytically identified under
the hypothesis themasses are lumped at the joints. The advantages in using the equivalentmodel are discussed with
reference to the linear static and dynamic responses of some planar frames, taken as case-studies, for which both
analytical and numerical tools are used. Numerical results, obtained by the equivalent model, are compared with
Finite Element analyses on planar frames (fine models), considering both symmetric and not-symmetric layouts,
in order to show to effectiveness of the proposed algorithm. A comparison with analytical results is carried out to
validate the limits of applicability of the method.
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1. Introduction

Homogenization techniques are efficient tools to analyze periodic structures and micro-structured meta-materials (see, e.g.,
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10]). Among these systems, tower buildings and multi-story frames can be modeled as generalized beam, if the
interest is focused on their overall mechanical behavior [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. The main advantage to
deal with one-dimensional equivalent models consists in the dramatic lowering of the number of degrees of freedomwith respect to
Finite Element method. Consequently, a lower computational effort is required in solving the elastic problem (see, e.g., [27, 28, 29]),
or, more remarkably, closed-form solutions can be obtained in many applications.

Different up-scaling approaches can be pursed to determine the properties of the equivalent beam model. They can be roughly
classified into: (i) heuristic approaches (see, e.g., [30, 31, 32]) in which the equivalent beam model is a-priori assumed, by renouncing
to link the micro and macro quantities; (ii) asymptotic homogenization approaches (see, e.g., [3, 33]), in which the equivalent model (not
necessarily representing a known continuum) is rigorously derived, together with the micro-macro relationships. However, there
is a third approach, which has been proposed by the authors, namely, (iii) the mixed-approach, in which the continuum model is
heuristically predicted, but the micro-macro relationships are analytically determined on the ground of energy balances.

Themixed approach has been successfully applied by the authors in dealing with periodic buildings and towers in the 3D-space,
which have been macroscopically modeled either: (i) as shear-shear-torsional beams, or (ii) Timoshenko beams [18, 19, 20, 23, 34,
24, 25, 35]. Accordingly, the floors and columns of the periodic structures were respectively identified with the cross-sections and
longitudinal fibers of the underlying continuous beam. Then, by enforcing strain energy equivalence between a cell of the periodic
system and a segment of the continuous beam, analytical expressions were derived, linking the elastic constants at the micro- and
macro-scales. Several mechanical problems were solved, both in the linear and nonlinear regime, namely: statics [20, 23], dynamics
[20, 25], buckling [34, 35] and aeroelasticity, [18, 19, 24].

The mixed approach, however, suffers the need of introducing some strong assumptions about the stiffnesses of the floors, both
in-plane and out-of plane, and of the columns, both axial and flexural. As a matter of fact, the Timoshenko beam requires the
floors do not undergo membrane strains, nor warp out-of plane, thus limiting the applicability of the model. For these reasons, the
(stronger) flexural rigidity assumption was critically reconsidered by the authors in [26], discussing planar frames. It was shown
there, that, by resorting to the concepts of ‘shear factor’ and ‘flexural factor’ (as done to include the de Saint-Venant results in
the Timoshenko beam theory), it is possible to account for the out-of plane true flexibility of the cross-section, even when a rigid
cross-section model is heuristically adopted. Indeed, these corrective factors, suitably reduce the shear and flexural stiffnesses of the
macro-model, by accounting on average (i.e. on an energy balance ground), for the neglected warping. Unfortunately, as highlighted
in [26], also this approach is limited by the fact that simple analytical expressions for the corrective factors are obtainable only for
geometrically regular frames, i.e. a rare occurrence in real applications.
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Modeling beam-like planar structures by a one-dimensional continuum: an analytical-numerical method 1021

In this paper, the analysis developed in [26] is complemented, by following an approach similar to that presented in [30]. Pla-
nar frames with general layout are considered as examples of beam-like structures, for which a Timoshenko beam model (coarse
equivalent model) is adopted to describe their global mechanical behavior. The limit of applicability of the approach presented in
[26] is overcome by implementing an energy-based numerical algorithm, aimed at evaluating the macroscopic elastic and inertial
properties of the beam via a Finite Element (FE) analysis of a single cell of the frame. In this way, the floor warping is accounted
in integral form, although the simplicity of the analytical micro-macro relationship is lost. Numerical examples, relevant to both
linear statics and linear dynamics are developed. Both analytical and numerical tools are used, namely: (i) analytical solutions for
the static problem, and, (ii) Finite Difference numerical solutions for dynamic analysis.

The paper is organized as follows. In Section 2. the fundamental equations of the macroscopic model are recalled. In Section 3.
the identification procedures for elastic and inertial constants of this model are described; the analytical results of [26] are resumed.
In Section 4. the analytical and numerical approaches are discussed for static and dynamic problems, respectively. In Section 5.,
comparisons between results provided by Finite Element models (fine models) and coarse model are developed. In Section 6. some
conclusions are drawn. Finally an Appendix, containing the analytical expressions of the elastic constants, closes the paper.

2. The fully-coupled Timoshenko beam model

A planar multi-story frame, of width b and height ℓ, is considered as an example of a cellular beam-like structure (Fig. 1-a). It is
composed of n flexible floors, connected bym flexible columns of the same height h, and possibly braced by hinged diagonal trusses,
repeating themselves at each floor. A cell is made by: (i) two adjacent floors (each having half of the true stiffness), (ii) an order of
columns segmenting the beams into m− 1 spans of length bi, and (iii) trussed braces.

(a) (b)

Fig. 1. Study object: (a) planar frame; (b) equivalent beam model.

A target one-dimensional continuum model is heuristically adopted, guided by the idea that the flexible floors and columns
roughly behave as the cross-sections and the longitudinal fibers of a macroscopic beam, respectively. The 2D linear Timoshenko
beam [36, 37, 38, 39, 40, 41] is chosen, in which the cross-section are assumed rigid and the axis-line flexible (Fig. 1-b). It is worth
noticing that the rotation of the rigid cross-section of the Timoshenko beam must be meant as an averaged rotation of the warped
crossed-section of the real beam.

The choice of the model determines kinematics and equilibrium, while leaves free the constitutive law. Accordingly, the strain-
displacement relationships read:

ε = u′, γ = v′ − θ, κ = θ′, (1)

linking the longitudinal displacement u (s, t), the transverse displacement v (s, t) and the rotation θ (s, t) to the elongation ε (s, t),
the shear strain γ (s, t) and the curvature κ (s, t); here s ∈ [0, ℓ] is the material abscissa, t the time, and a prime denotes space-
differentiation. Moreover, the equilibrium equations are:

N ′ + px = 0, T ′ + py = 0, M ′ + T + c = 0, (2)

where N (s, t) , T (s, t) are the axial and shear internal forces, respectively, M (s, t) the bending moment, px (s, t), py (s, t), c (s, t) are
the external forces and couple per unit-length.

A linear hyperelastic law is introduced, by postulating a complete quadratic polynomial expression for the elastic potential
energy density, i.e.:

ϕ (ε, γ, κ) =
1

2

[
C11 ε

2 + C22 γ
2 + C33 κ

2 + 2 (C12 ε γ + C13 ε κ+ C23 γ κ)
]
. (3)

It leads, via the Green law, to a fully-coupled constitutive law, containing six constants Cij . These latter must be properly identified,
in order the Timoshenko beammodel captures the macroscopic behavior of the frame. The best way consists in equating the elastic
energy of the cell and that of a segment of equal length of the beam, when they undergo the same deformations, suitably chosen. In
the simplest case of rigid-floors, the constants can be analytically evaluated (see [26, 18, 19, 20, 23] for details), and they assume the
expressions reported in the Appendix A. If, however, the warping of the floor has to be accounted, an analytical expression can be
pursued only in the special case of regular cell (i.e. with equal spans bi and equal beam and columns, see [26]). For general geometry,
a numerical approach must be followed, as explained in the next Section.

Journal of Applied and Computational Mechanics, Vol. 7, No. SI, (2021), 1020-1033



By combining kinematics, equilibrium and the elastic law, and introducing inertia forces according to the d’Alembert principle,
the following equations of motions are derived:

− ρAü+ Iy θ̈ + C11u
′′ + C12

(
v′′ − θ′

)
+ C13θ

′′ + px = 0,

− ρAv̈ + C12u
′′ + C22

(
v′′ − θ′

)
+ C23θ

′′ + py = 0,

− Iyy θ̈ + Iyü+ C13u
′′ + C23

(
v′′ − θ′

)
+ C33θ

′′ + C12u
′ + C22

(
v′ − θ

)
+ C23θ

′ + c = 0,

(4)

where ρA, Iy , Iyy are the mass, first and second inertia moments per unit-length, evaluated with respect to the centroid, and
a dot denotes time-differentiation. Equations (4) generalize to the dynamic case the equations obtained in [26]. The problem is
complemented with the geometric boundary conditions at the ground A:

uA = vA = θA = 0, (5)

and the mechanical boundary conditions at the free end B:

C11u
′
B + C12

(
v′B − θB

)
+ C13θ

′
B = Px,

C12u
′
B + C22

(
v′B − θB

)
+ C23θ

′
B = Py ,

C13u
′
B + C23

(
v′B − θB

)
+ C33θ

′
B = C,

(6)

where Px, Py and C are point-forces and couple, and no lumped masses are present. Initial conditions, prescribing that the system
is initially at rest, are also assumed.
The field equations (4), together with the boundary conditions (5) and (6) are a system of partial differential equations, which can
be recast in the following matrix form:

−Mü+ K2u′′ + K1u′ + K0u+ p = 0,

uA = 0,

K1Bu′
B + K0BuB = P,

(7)

where:

u :=

 u

v

θ

 , p :=

 px

py

c

 , P :=

 Px

Py

C

 ,

M :=

 ρA 0 −Iy

0 ρA 0

−Iy 0 Iyy

 , K0 :=

 0 0 0

0 0 0

0 0 −C22

 , K1 :=

 0 0 −C12

0 0 −C22

C12 C22 0

 ,

K2 :=

 C11 C12 C13

C12 C22 C23

C13 C23 C33

 , K0B :=

 0 0 −C12

0 0 −C22

0 0 −C23

 , K1B := K2.

(8)

Here, u, p, P are displacement and load vectors; M is the mass matrix; Kj (j = 0, . . . , 2) are stiffness matrices; the index B denotes
evaluation at the free end. Equations (7) admit a closed-form solution in statics (i.e., by disregarding the inertial effects). In dynamics,
they also can be solved analytically when particular symmetries hold in the columns’ layout, namely when the equations reduce to
the classical (partially uncoupled) equations of the Timoshenko model [42, 43]. In the remaining cases, a numerical approach must
be followed. Here, (i) the analytical solution for the static problem, and, (ii) the Finite Difference solution for the dynamic eigenvalue
problem, are discussed for general frames.

3. Identification of the elastic and inertial constants

The elastic and inertial constants of the equivalent beam model are now identified by relaxing the classical rigid-floor assump-
tion for the frame. A simpler, but approximate, analytical expression for the elastic properties is also recalled from [26].

3.1 Numerical identification of the elastic constants

The identification is carried out by equating the elastic energy stored by a cell of dimensions b×h (Fig. 2-a) and the elastic energy
of a segment of Timoshenko beam, occupying the same volume (Fig. 2-b). The cell (possibly including braces) is delimited by the
two horizontal floors, which are considered to have half of their stiffnesses, and restrained at the columns-floor joints by external
hinges; the segment of beam is clamped at the ground. The energy equality is enforced by assigning, in the two models, the same
displacements ūi, v̄i at the points at abscissas y = yi (i = 1, 2, . . .m), at which the joints are located. The rotations of joints, instead,
are left free. Thus, while all the points of the rigid cross-section of the beam remain aligned in the current configuration, only the
joints of the cell lie on the same line; all the remaining points of the floor depart from this line, to describe warping. Deflections of
the heads of the columns are kinematically compatible with those of the floor at joints.

A uniform state of strain ε = const, γ = const, κ = const is assigned to the segment of beam, and the displacements of the
centroid G of the upper cross-section are determined by integration of the strain-displacement relationships (1), i.e.:

uG = εh, vG = γh+ κ
h2

2
, θ = κh. (9)

From these latter, by using kinematics, the displacements at the abscissas yi of the rigid cross-section are evaluated as:

ūi = uG − θyi, v̄i = vG, (10)

which, therefore, linearly depend on the strains. By enforcing these displacements at the joints of the cell, the relevant elastic
problem is solved, and, in particular, the reactions rxi, ryi at the constraints are evaluated. Although this step could, in principle,

1022 Manuel Ferretti et. al., Vol. 7, No. SI, 2021
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h h

Fig. 2. Correspondence between displacements of: (a) the cell of the frame, and, (b) a segment of the Timoshenko beam.

be performed analytically, a Finite Element (FE) analysis of the cell is more convenient, from which the numerical character of the
algorithm.

Finally, the elastic energy of the twomodels are computed: (i) the energy stored by the segment of beam is evaluated as Ub = ϕh,
with ϕ given by Eq (3); (ii) the energy stored by the cell is determined according to the Clapeyron’s theorem, as:

Uc =
1

2

m∑
i=1

(rxiūi + ryiv̄i) . (11)

Since both the reactions and the displacements are linear functions of the strains, Uc is a homogeneous quadratic functions of
these variables, like Ub. By requiring that Uc = Ub for any ε, γ, κ, the unknown elastic constants are evaluated. However, since the
assigned strains are three and the unknown constants are six, suitable combinations of the strains must be chosen, and enforced
in an ordered sequence, namely: (i) just one strain at time is assigned, to evaluate C11, C22, C33 (in order for just one term in Eq (3)
is different from zero); (ii) just a couple of strains at time is assigned, to compute C12, C13, C23 (in order just three terms in Eq (3) are
different from zero, two of which, however, have already been determined at step (i)).

From a computational point of view, it is more convenient to assign unitary displacements and/or rotation at the joints of the
floor, and to express the associated strains. Accordingly, the following algorithm is applied (Fig. 3):

Fig. 3. Deformationmodes assigned to the periodic cell: (E) extensional; (S) shear; (F) flexural; (ES) extensional plus shear; (EF) extensional plus flexural;
(FS) flexural plus shear.

1. An extensional mode (E) is assigned, in which ūi = 1 (i = 1, 2, . . . ,m); since uG = 1, vG = 0, θ = 0, then ε = 1/h, γ = 0, κ = 0;
C11 is computed.

2. A shear mode (S) is assigned, in which v̄i = 1 (i = 1, 2, . . . ,m); since uG = 0, vG = 1, θ = 0, then ε = 0, γ = 1/h, κ = 0; C22 is
computed.

3. A flexural mode (F) is assigned, in which ūi = −yi (i = 1, 2, . . . ,m), together with v̄i = h/2 (i = 1, 2, . . . ,m); since uG = 0, vG =
h/2, θ = 1, then ε = 0, γ = 0, κ = 1/h; C33 is computed.

4. An extensional plus shear mode (ES), obtained by superimposing the elementary modes (E), (S), is assigned, for which ε = 1/h,
γ = 1/h, κ = 0; since C11, C22 are known, C12 is computed.
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5. An extensional plus flexural mode (EF), obtained by superimposing the elementary modes (E), (F), is assigned, for which
ε = 1/h, γ = 0, κ = 1/h; since C11, C33 are known, C13 is computed.

6. A flexural plus shearmode (FS), obtained by superimposing the elementarymodes (F), (S), is assigned, for which ε = 0, γ = 1/h,
κ = 1/h; since C22, C33 are known, C23 is computed.

3.2 Analytical approximation of the elastic constants

In the special case of symmetric layout of the columns, bi = b/ (m− 1), and equal columns and beams of the cell, the elastic
constantsCij can be analytically determined under the hypotheses the floors are inextensible, and the rotations of joints are (almost)
equal in modulus (due to the periodicity). This case has been studied in [26], by also taking into account for the presence of braces.
It was proved there that C22 = χsC∞

22 and C33 = χfC
∞
33 , where C∞

22 , C
∞
33 are the values assumed by the constants in the rigid-floor

case (see the Appendix A) and χs < 1 and χf < 1 are a shear and a flexural corrective factors, accounting for warping. The shear
factor assumes the following expression:

χs =

 (m−1)2

m
η h

b

1 +
(m−1)2

m
η h

b

+
(m− 1)2

6m
ξ
h

b
(1 + αc) cos3 (β)

 1

1 +
(m−1)2

6m
ξ h
b
(1 + αc) cos3 (β))

, (12)

where: EJα, GA∗
α, EAα (α = b, c) are the flexural, shear and axial stiffnesses of the micro beams, respectively, all modeled as

Timoshenko beams themselves; moreover, η := EJb
EJc

1+αc
1+αb

is a beam-to-column stiffness ratio and ξ := EAbrh
2

EJc
is a bracing-to-

column stiffness ratio (see Appendix A for the remaining definitions). On the other hand, it is shown in [26] that the flexural factor
is χf ≃ 1, , with or without bracing elements.
In the general case of non-regular layout, e.g. in the presence of different columns and beams and/or different span lengths, Eq (12)
is no more valid. However, it is shown in [26] that, for moderately non-symmetric layouts, when the span lengths are almost equal,
the coefficients C22 and C33 can be heuristically corrected by the same factors, evaluated by mean weighted values of stiffnesses of
beams and columns. These corrections are shown in [26] to give reliable results in static analyses.

3.3 Identification of the inertial properties

In order to identify the inertial properties, a cell is taken, made of a horizontal beam, half of the column below it and half of the
column above it. The masses of the floor and of the column are considered to be lumped at joints, so that the kinetic energy of the
cell reads:

T =
m∑
i=1

1

2
Mi

(
u̇2
i + v̇2i

)
, (13)

where Mi are the lumped masses, and u̇i, v̇i their translational velocities (rotatory inertia neglected). It is worth noticing that,
according to Eq (10), the assumption of lumped masses renders the kinetic energy independent of warping of the floors. By making
use of Eq (10), and equating T to the kinetic energy of a segment of beam of length h, the following identified inertial constants are
found:

ρA :=
1

h

m∑
i=1

Mi,

Iy :=
1

h

m∑
i=1

Miyi,

Iyy :=
1

h

m∑
i=1

Miy
2
i .

(14)

4. Analytical and numerical analyses

The exact general solution is discussed for the static problem. A numerical, Finite Difference solution is worked out for the
dynamic problem.

4.1 Statics

Analytical solutions for the static boundary value problem (7) are here derived. First, the inertial terms in Eqs (7) are ignored and
the general solution of the homogeneous counterpart of equations Eq (7)-a is sought in the form:

u =

 a1

a2

a3

 eµ s, (15)

with µ the characteristic exponent. Accordingly, the characteristic equation reads:

µ6 det (K2) = 0, (16)

with det (K2) = C11C22C33 + 2C12C13C23 − C11C2
23 − C22C2

13 − C33C2
12. The equations admits six coincident zero roots µi =

0 (i = 1, · · · , 6) and only two proper eigenvectors uj1, j = 1, 2. Each of these eigenvectors generates a Jordan chain, namely
{u11,u12}, of length 2, and {u21,u22,u23,u24}, of length 4 (i.e. the state-space matrix, governing the static problem associated
to Eq (7) when put in the first-order form, admits a Jordan canonical form made of two blocks, of dimension 2 and 4, respectively)
[44]. The general solution, consequently, assumes the form:

u = c1u11 + c2 (u11s+ u12) + c3u21 + c4 (u21s+ u22) + c5

(
u21

s2

2
+ u22s+ u23

)
+ c6

(
u21

s3

6
+ u22

s2

2
+ u23s+ u24

)
,

(17)
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where ci (i = 1, . . . , 6) are arbitrary constants. The particular solution of the non-homogeneous Eq (7)-a is easily evaluated once the
loads are specified. The constants ci are then determined by enforcing the boundary conditions (7)-b,c.

In the special (but frequent) case in which P = 0 and p = (0, py , 0)
T , py being a constant on s, the solution to Eqs (7) is found to

be:

u = −
py

2det (K2)

{
[(C13C22 − C12C23) ℓ+ 2 (C12C33 − C13C23)] ℓ s

+ [(C12C23 − C13C22) ℓ+ C13C23 − C12C33] s
2 + (C13C22 − C12C23)

s3

3

}
,

v = −
py

2det (K2)

{[
(C11C23 − C12C13) ℓ+ 2

(
C2

13 − C11C33

)]
ℓ s

+
[(
C2

12 − C11C22

)
ℓ2 + 2

(
C11C33 − C2

13

)] s2

2
+

(
C11C22 − C2

12

)
ℓ
s3

3
+

(
C2

12 − C11C22

) s4

12

}
,

θ = −
py

2det (K2)

{[(
C2

12 − C11C22

)
ℓ+ 2 (C11C23 − C13C12)

]
ℓ s

+
[(
C11C22 − C2

12

)
ℓ+ C13C12 − C11C23

]
s2 +

(
C2

12 − C11C22

) s3

3

}
.

(18)

4.2 Dynamics

The dynamic eigenvalue problem is addressed. By letting p = P = 0 and u = û (s) eλt in Eqs (7), (λ, û (s)) being the eigenpairs of
the system, the following (spatial) boundary value problem (BVP) is found:

K2û′′ + K1û′ + K0û− λ2Mû = 0,

ûA = 0,

K1Bû′
B + K0BûB = 0.

(19)

The exact solution to these equations can still be pursued, but it calls for numerically solving the dispersion relation between the
eigenvalue λ and and wave-number µ. Therefore, an alternative, purely numerical approach, is followed here.

Equations (22) are discretized via the Finite Difference Method. Accordingly, the domain [0, ℓ] is divided in L elements and L+ 1
nodes of coordinates si = i∆ (i = 0, 1, . . . , L), with ∆ := ℓ/L. A dummy node L + 1 is added, of coordinates sL+1 = (L+ 1)∆. By
using central finite differences, the derivatives are approximated as follows:

ûi = û (si) ,

û′
i =

ûi+1 − ûi−1

2∆
,

û′′
i =

ûi+1 − 2ûi + ûi−1

∆2
.

(20)

Thus, the BVP (19) is transformed into an algebraic problem:

û0 = 0,(
1

∆2
K2 −

1

2∆
K1

)
ûi−1 +

(
K0 −

2

∆2
K2

)
ûi +

(
1

∆2
K2 +

1

2∆
K1

)
ûi+1 − λ2Mûi = 0, i = 1, . . . , L,

−
1

2∆
K1B ûL−1 + K0B ûL +

1

2∆
K1B ûL+1 = 0,

(21)

or, in compact form: (
K − λ2M

)
u = 0, (22)

where u = (û0, · · · , ûL, ûL+1)
T , K and M are the (discrete) stiffness and mass matrices, having dimension 3 (L+ 2) × 3 (L+ 2).

Equation (22) is the discrete counterpart of the BVP (19). It is solved by standard numerical algorithms.

5. Numerical results

Numerical results are referred to three planar frames, made of concrete and steel, shown in Fig. 4. They are analyzed in statics,
under lateral loads, and in free dynamics, by accounting for self-mass. They are clamped at the ground, made of four spans (whose
lengths are reported in the same figure) and n = 25 floors, with inter-floor height h = 4 m; moreover, they are statically loaded by
horizontal point forces at each floor, F = 50 kN (see Fig. 4). The detailed description of the case studies is reported in the following.

• Case study I: symmetric concrete frame, displayed in Fig. 4-a, having elastic modulus E = 3× 107 kN/m2, Poisson coefficient
ν = 0.2 and mass density ρ = 2500 kg/m3. The beams’ cross-section is rectangular, of dimensions 0.4m× 1.0m; the columns’
cross-section is also rectangular, of dimensions 0.7m× 0.7m.

• Case study II: not-symmetric concrete frame, displayed in Fig. 4-b, having elastic modulus E = 3 × 107 kN/m2, Poisson
coefficient ν = 0.2 and mass density ρ = 2500 kg/m3. Beams’ and columns’ cross-sections are rectangular, and labeled in Fig.
4-b.

• Case study III: slightly not-symmetric steel braced frame, displayed in Fig. 4-c, having elastic modulus E = 2 × 108 kN/m2,
Poisson coefficient ν = 0.3 and mass density ρ = 7850 kg/m3. Beams’, columns’ and bracings’ cross-sections are (commercial
nomenclature) HEA450, HEA600, SHS 100× 10, respectively.

The geometric properties of the cross-sections are reported in Tab. 1 (A is the area, A∗ the shear area, J the inertia moment).
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Fig. 4. Planar frames under horizontal loads: (a) case study I; (b) case study II; (c) case study III.

Case study Type Name
A A∗ J[
m2

] [
m2

] [
m4

]
I, II beam 0.4m× 1.0m 0.4 0.33 3.33× 10−2

I, II column 0.7m× 0.7m 0.49 0.41 2.0× 10−2

II beam 0.6m× 1.2m 0.72 0.6 8.64× 10−2

II column 0.6m× 0.6m 0.36 0.3 1.08× 10−2

III beam HEA450 1.72× 10−2 1.05× 10−2 6.14× 10−4

III bracing SHS100× 10 3.60× 10−3 2.00× 10−3 4.92× 10−6

III column HEA600 2.20× 10−2 1.25× 10−2 1.36× 10−3

Table 1. Cross-sections properties for the case studies I, II, III.

Elasto-geometric and inertial properties

The elasto-geometric and inertial properties of the equivalent beammodels are reported in Tab. 2 for each case study. Analytical
(approximate)Ca

ij [26] and numerical (exact)Cn
ij (Sect. 3.) values have been obtained for the elastic constantsCij , and the percentage

error ϵ% = 100
(
Cn

ij − Ca
ij

)
/Cn

ij reported in the same Table. The analytical values are based: on the shear factor concept (case I),

(heuristically) averaged in non-symmetric cases (cases II, III). The shear factor only affects C22, the remaining constants being
independent of the floor flexibility.

It is found that the two procedures supply values which are quite close each other. In particular, the agreement is very good
in the symmetric case I and in the weakly non-symmetric case III, while larger differences occur, as expected, in the strongly non-
symmetric case II. Such a conclusion, however, concerns the examined frames, for which extension and bending are uncoupled
from shear (entailing C12 = C23 = 0), as due to the fact that bracings are not present at all (cases I and II), or they are organized
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Case study I
Analytical Numerical ϵ%

C11 [kN] 7.350× 107 7.350× 107 0
C22 [kN] 9.082× 105 8.811× 105 -3.08

C33

[
kN×m2

]
7.206× 109 7.206× 109 0

C12 [kN] 0 0 −
C13 [kN×m] 0 0 −
C23 [kN×m] 0 0 −
m [kg/m] 1.313× 104 − −
Iy [kg] 0 − −
Iyy [kg×m] 1.115× 106 − −

Case study II
Analytical Numerical ϵ%

C11 [kN] 6.180× 107 6.180× 107 0
C22 [kN] 9.026× 105 8.045× 105 -12.20

C33

[
kN×m2

]
6.782× 109 6.782× 109 0

C12 [kN] 0 0 −
C13 [kN×m] 2.700× 107 2.700× 107 0
C23 [kN×m] 0 0 −
m [kg/m] 1.385× 104 − −
Iy [kg] 1.433× 104 − −
Iyy [kg×m] 1.278× 106 − −

Case study III
Analytical Numerical ϵ%

C11 [kN] 2.253× 107 2.253× 107 0
C22 [kN] 1.779× 106 1.769× 106 -0.60

C33

[
kN×m2

]
2.181× 109 2.181× 109 0

C12 [kN] 0 0 −
C13 [kN×m] −1.847× 106 −1.847× 106 0
C23 [kN×m] 0 0 −
m [kg/m] 2.150× 103 − −
Iy [kg] 1.173× 103 − −
Iyy [kg×m] 1.738× 105 − −

Table 2. Analytical and numerical values of the elasto-geometric and mass coefficients of the equivalent beam model. The analytical C22 is corrected
by the shear factor in Eq (12).

in a bi-directionally oriented and symmetric pattern in some spans (case III). For more general conclusion, relevant for example to
frames with mono-oriented braces, further investigations would be needed.

Statics

Numerical results concern the linear static response of the frames described above. Here, the analytical solution relevant to
the macro beam model (Sect 4.) is compared with numerical results obtained by microscopic FE models Comparison is made in
terms of: (i) lateral displacement of the frame v (s), and (ii) vertical displacements of the floor at selected floors s = s̄, namely
u (s̄, y) = u (s̄)− θ (s̄) y. The aim is to validate the effectiveness of the coarse model in reproducing the static behavior of real frames.
In all the cases, the equivalent beam is loaded by a constant distributed load py = −F/h = −12.5 kN/m, for which the solution (18)
holds. Results of the analysis are shown in Figs. 5, 6 and 7 for the case studies I, II and III, respectively. Sub-figures 5-a, 6-a, and 7-a
are relevant to the lateral displacement, while sub-figures 5-b,c,d, 6-b,c,d, and 7-b,c,d show the vertical displacement of the floor
at three different levels, namely s̄ = h, 12h, ℓ, respectively. Moreover, in each figure, blue dots represent the FE solution, while the
continuous red curves describe the solution of the continuous model.

A good accordance of lateral displacements is found in cases I and II (see Figs. 5-a and 6-a), for which the order of magnitude of
the error, evaluated at s = ℓ, is about 1 % (case I) and 5 % (case II). In contrast, some important quantitative differences occur in case
III, where the error reaches 16 % (see Fig. 7-a). In all the cases, the vertical displacements of the FE models, at different levels, are
well captured by the equivalent beammodel, by remembering that the rigid cross-section represents the mean-value of the rotation
of the deformable floor (see Figs. 5-b,c,d, 6-b,c,d, and 7-b,c,d).

These latter sub-figures 7-b,c,d suggest the source of the larger error occurring in case III: this is due to a localized deformation
of the floor, which is caused by an abrupt change of the stiffness in the fourth span (spanning the interval y ∈ (−14,−7)), where
no bracing elements are present. As a matter of fact, the blue dot at y = −14 is misaligned with respect to the others dots, which,
in contrast, are close to a straight line. It means that the Timoshenko beam model, which averages warping by a straight line, is
not sufficiently accurate when warping rapidly changes. To take into account for this effect, it would be necessary to resort to more
refined beam theories, able to locally describe possible deformation modes of the cross-section, as the Generalized Beam Theory
(see, e.g., [45, 46, 47]).

Journal of Applied and Computational Mechanics, Vol. 7, No. SI, (2021), 1020-1033



-��� -���� �

�

��

��

��

��

���

�� � � -� -��

-������

-�������

��

�������

������

(a) (b)

�� � � -� -��

-�����

-������

��

������

�����

�� � � -� -��

-�����

-�����

��

�����

�����

(c) (d)

Fig. 5. Displacements of the equivalent model vs discrete FE model, for case study I: (a) lateral displacement of the frame; (b), (c), (d) vertical displace-
ment of the floor when s̄ = h, 12h, ℓ, respectively. Blue dots: discrete FE solution. Continuous red line: homogenized beam model.

Dynamics

Results of modal analysis for the three case studies are here discussed. Solutions to the eigenvalue problem of the equivalent
beam model is found by using the Finite Difference (FD) method developed in Sect. 4.. These are compared with those obtained by
FE results, to check the effectiveness of the homogenized beam model in capturing frequencies and modal shapes of real frames.
A number of L = 25 nodes was taken in the FD approach, so that the system has 81 degrees of freedom, against the 375 degrees of
freedom of the FE model.

Comparison, relevant to the first three modes, is presented in Tab. 3 for all the case studies. Due to conservativeness of the
problem at hand, the eigenvalues are purely imaginary, namely λj = ±iωj , where ωj is the angular frequencies of the j-th mode.
In the Table, ωFE , ωEQ refer to FE and equivalent beam model solutions, respectively; moreover, ϵ% = 100

(
ωFE − ωEQ

)
/ωFE is

the percentage error. It is seen that the equivalent beam model well approximates the first three frequencies of the fine model,
particularly in the case studies I and II, where the maximum error is about 4%. Otherwise, in case study III, the percentage error
increases (up to about 10%), this behavior being in agreement with the results of static analysis.

An excellent correspondence between the modal shapes of the first three modes is detected in case studies I and II (see Figs. 8
and 9), where the the lateral displacements furnished by the FE solution (blue dots) are almost superimposed to the analytical ones
(continuous red curves). Finally, in the case study III, the accuracy of the equivalent model is worsen just in the third mode.

6. Conclusions

A one-dimensional Timoshenko beammodel, embedded in a bi-dimensional space, able to capture the overall behavior of planar
frames, both in statics and dynamics, has been formulated. The equivalentmodel has been derived by a direct approach, concerning
kinematics and static aspects, and by a homogenization method, concerning the constitutive law. The elastic constants have been
determined by enforcing an energy equivalence between the cell of the periodic frame and a segment of the equivalent beam,
undergoing the same generalized strains.

Differently from frames of simple geometry, for which analytical solutions (provided in [26]) are available, here a numerical
identification algorithm, grounded on a FE analysis of the cell, has been presented for periodic frames with general properties.
However, analytical expressions for the inertial properties of the equivalent model have still been found, under the simplifying
assumption that the masses are lumped at the joints. Closed-form solutions have been worked out for the static boundary value
problem, and a Finite Difference algorithm for the dynamic eigenvalue problem has been implemented.
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Fig. 6. Displacements of the equivalent model vs discrete FE model, for case study II: (a) lateral displacement of the frame; (b), (c), (d) vertical displace-
ment of the floor when s̄ = h, 12h, ℓ, respectively. Blue dots: discrete FE solution. Continuous red line: homogenized beam model.

Case study Mode
ωFE ωEQ ϵ%
[rad] [rad] [−]

I
1 3.62 3.67 -1.34
2 11.14 11.18 -0.36
3 19.95 19.88 0.32

II
1 3.29 3.42 -4.03
2 10.15 10.42 -2.65
3 18.21 18.48 -1.47

III
1 7.98 8.82 -10.53
2 29.36 31.42 -7.00
3 49.87 50.67 -1.61

Table 3. Angular frequencies of the first three modes for all the case studies: ωFE , ωEQ refer to FE and equivalent beam model solutions, respectively.

The limits of applicability of the homogenized beam models have been discussed with reference to sample frames, for which
the static response and modal properties have been computed. Comparisons with Finite Element analyses have been carried out to
validate the model.

The following conclusions are drawn.

1. The equivalent beam model, with identified elastic and inertial constants, is able to describe the behavior of planar frames,
both in statics and in dynamics.

2. A good agreement between the constitutive coefficients, evaluated by analytical and numerical procedures, is detected.

3. The equivalent beam model, in statics, supplies lateral and vertical displacements which are in excellent agreement with
exact Finite Element analyses. Some differences arise when localized deformations of the floor manifest themselves, caused
by the strong stiffness variability in the cell, calling for more refined beam models, to be developed.
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Fig. 7. Displacements of the equivalent model vs discrete FE model, for case study III: (a) lateral displacement of the frame; (b), (c), (d) vertical
displacement of the floor when s̄ = h, 12h, ℓ, respectively. Blue dots: discrete FE solution. Continuous red line: homogenized beam model.

4. The equivalent beammodel, in dynamics, also gives very satisfactory results in terms of natural frequencies andmodes. Also
in this case, the occurrence of localized deformation of the cell floor, induced by jumps of stiffness, worsens the accuracy.
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Appendix A Analytical expressions of the elastic constants in the rigid-floor case

Under the hypothesis of rigid-floor, the following elastic constants have been found in [26, 18, 19, 20, 23] for the equivalent
Timoshenko beam:
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Here, at each span i, β+
i := arctan (h/bi) =: βi, is the an angle of inclination, measured with respect to the horizontal line, of a

subset of bracing elements, while the other subset has opposite slope β−
i = −βi, and yi is the coordinate at which the i-th column

is located. Moreover, the global column stiffness coefficients appear, defined as:

Dc =
EAc

h
, Sc =

12EJc

(1 + αc)h3
, Bc =

EJc

h
, (24)

EAc, GA∗
c , EJc being the extensional, shear and flexural local column stiffnesses, and αc := 12EJc

GA∗
ch

2 is the flexural-to-shear stiffness

ratio. Finally, Dbr = EAbr
hbr

is the global axial stiffness of the bracing elements (superscript + or - denotes the relevant subset of
bracing elements), EAbr , hbr being its local extensional stiffness and length, respectively.
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