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Abstract. In this paper, we analyze the transient magnetohydrodynamic (MHD) flow of an incompressible
micropolar fluid between a porous parallel-plates channel. The fluid is electrically-conducting subjected to
radiation described by the Cogley-Vincent-Gilles formulation and with convective thermal boundary conditions
at the plates. The solution methodology employed is the hybrid numerical-analytical approach known as the
Generalized Integral Transform Technique (GITT). The consistency of the integral transform method in
handling such a class of problem is illustrated through convergence analyses, and the influence of physical
parameters such as radiation, and micropolar parameters, and Hartman number. The wall shear stress, the
coupled stress coefficient, and heat flux at the walls were also calculated, demonstrating that increasing the
gyroviscosity decreases the wall stresses magnitudes. Furthermore, the results show that increasing the radiation
heat transfer decreases the fluid temperature distribution. Additionally, the velocity is damped, and the angular
velocity is increased by the Lorentz force in the presence of a magnetic field.

Keywords: Generalized Integral Transform Technique (GITT), Magnetohydrodynamic (MHD), Micropolar Fluid,
Parallel Porous Walls, Radiation Heat Transfer.

1. Introduction

The theory of micropolar fluids, initially developed by Eringen [1], has received considerable attention. Micropolar
fluids are represented by randomly oriented particles suspended in a viscous medium, which can suffer a rotation that can
affect the flow hydrodynamics, characterizing a distinctly non-Newtonian fluid. Eringen’s theory has provided a good
model for studying several complex fluids, such as colloidal fluids, polymeric fluids, and blood, which have a non-
symmetrical stress tensor [2]. Magnetohydrodynamics (MHD) consists of evaluating the interaction between the
electromagnetic and velocity fields of conductive fluids. Its mathematical formulation is characterized by a coupling
between the fluid mechanics equations and Maxwell's equations of electromagnetism. MHD flow can be applied in
channels with heat transfer, including pumps and MHD generators, cooling systems of nuclear reactors, and electrolytic
reduction cells in aluminum plants [3-5].

In most analyses of flow and heat transfer in a channel, either the boundary condition of the first kind characterized
by the prescribed wall temperature or the boundary condition of the second kind expressed by the prescribed wall heat
flux is assumed. Another condition that can be analyzed is the unsteady free convection from two parallel porous vertical
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plates that exchange heat with an external fluid (third kind boundary condition) in the presence of a strong cross magnetic
field and an electrically conducting micropolar fluid flow. This situation is relatively less studied and is encountered in the
heat transfer process where the radiative heat transfer, describable in terms of Newton’s law of cooling, occurs at the
channel wall [6]. Considering its importance, several authors [7-10] have investigated the problem with the boundary
condition considered in this work.

Eringen [1, 11] first proposed the theory of micropolar fluids, which can be applied to study the behaviors of exotic
lubricants, polymeric suspensions, muddy liquids, biological fluids, animal blood, colloidal solutions, liquid crystals with
rigid molecules, etc. [10]. The presence of dust or smoke, in particular in the gas, may also be modeled using micropolar
fluid dynamics. The fundamentals of micropolar fluid applications have been explored substantially over the years [12-14]
and a comprehensive review of this theory can be found in the review articles by Ariman et al. [15, 16] and the recent
books by Lukaszewicz [17] and Eringen [18].

Some authors have set up studies in the MHD flow of bio or micropolar fluids in parallel plate channels. Recently,
Sheikholeslami et al. [19] analyzed the problem of micropolar fluid flow in a channel subject to a chemical reaction by
using homotopy perturbation method. Umavathi and Sultana [20] analyzed the influence of heat sources/sinks on fully
developed mixed convection flow of micropolar fluid mixture in a vertical channel with the boundary conditions of the
third kind. Zueco et al. [8] analyzed the transient magnetohydrodynamic flow of micropolar fluid between parallel porous
vertical walls with convection from the ambient using the Network Simulation Method. They observed that the magnetic
field should be an essential parameter for controlling the rate of heat transfer in many MHD applications. The application
of micropolar fluids also includes more complex geometries and conditions such as cavities that may be trapezoidal [21],
wavy differentially heated [22], and wavy triangular [23], as well as wavy channels under local heating [24].

The effect of thermal radiation can significantly affect the heat transfer and the temperature distribution of a micropolar
fluid in a channel at high temperatures. Heat transfer by simultaneous free convection and thermal radiation in the case of
a micropolar fluid has not gained as much attention. This assumption is unfortunate because thermal radiation plays a
vital role in determining the overall surface heat transfer in situations where convective heat transfer coefficients are small,
as is the case with free convection where such conditions are common in space technology [25]. Many authors have
considered radiation effects on a micropolar fluid through a porous medium with and without a magnetic field [26-29].

The fundamental problem of micropolar fluids through porous media has many applications, such as porous rocks,
foams, and foamed solids, aerogels, alloys, polymer blends, and microemulsions [26]. Recently, numerous researchers have
investigated transient free convection flow of a micropolar fluid with or without a magnetic field through a porous medium.
El-Hakiem [30] studied the MHD oscillatory flow on free convection-radiation through a porous medium with constant
suction velocity. Srinivasacharya et al. [31] studied the effects of microrotation and frequency parameters on a transient
flow of micropolar fluid between two parallel porous plates with a periodic suction. Bhargara et al. [32] developed a
numerical solution of a free convection MHD micropolar fluid flow between two parallel porous vertical plates using the
quasi-linearization method. Recently, the theory of micropolar fluids has also been applied in liquid containing gyrostatic
microorganisms [33], on MHD nanofluid flow [34], on a non-linearly stretchable rotating disk [35], on the flow inside a
square cavity with two parallel heat sources [36], and on micropolar fluid flow across a convective surface with variable
heat source/sink [37].

As an alternative to the classic numerical methods the hybrid technique called the Generalized Integral Transform
Technique (GITT), which can treat a great variety of nonlinear problems has arisen [38,39]. This method considers that
any potential can be constructed as an expansion of eigenfunctions. It eliminates the need to find an exact integral
transformation that results in an uncoupled ordinary differential system, as traditional analytical approaches usually do.
It therefore emerges as an alternative to purely numerical methods for the solution of complex engineering problems often
treated only by numerical approaches [40]. This technique has been employed over the years to study various phenomena,
including MHD flow in porous plates [41], the steady state, incompressible laminar flow and heat transfer of a Newtonian,
electrically conductive fluid at the entrance region [42] or the developed flow of a flat, parallel-plate channel subjected to
a uniform external magnetic field [40], and the transient one-dimensional magnetohydrodynamic (MHD) oscillatory flow
of micropolar and incompressible fluid with heat and mass transfer through a permeable vertical plate embedded in a
porous medium in the presence of chemical reaction [43].

The main objective of this study is to analyze the micropolar fluid MHD flow between parallel porous vertical plates
with a radiation component simulated by the Cogley-Vincent-Gilles [44] formulation and third kind boundary conditions.
This analysis is based on the hybrid (numerical and analytical) solution of governing equations using the Generalized
Integral Transform Technique (GITT), considering its guarantee of local and global error control. Convergence analysis
was made to demonstrate the appropriateness of the GITT for solving the proposed problem. A detailed analysis of the
effects of the parametric variation of the main dimensionless parameters for some typical situations on the velocities and
temperature profiles, as well as on the shear stress factor, coupled stress coefficient, and the heat flux on the walls was
performed. Verification of the integral transform results has been performed by comparing them with those of Prakash
and Muthtamilselvan [10] and the MOL (Method of Lines) approach with already converged results.

Given the importance of the MHD flow of micropolar fluids, and in view of the potential application of GITT to solve
nonlinear and coupled models, this work presents a relevant and innovative solution of such problem with radiative heat
transfer of a micropolar fluid inside a parallel plate channel embedded in a porous medium in the presence of thermal
radiation using the GITT approach.
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2. Mathematical Formulation

The problem addressed in this paper is defined by considering the unsteady two-dimensional, laminar, fully developed
free convective MHD flow of an incompressible micropolar fluid flowing between two infinite parallel porous vertical
plates submitted to a strong magnetic field Hy in the normal direction to the plate. The magnetic Reynolds number is
assumed to be small enough, resulting in neglect of the induced magnetic field. The Darcy and Forchheimer contributions
are also neglect. The micropolar fluid is considered to be a gray and absorption-emitting (non-scattering) medium. The
surrounding fluid is at constant temperatures, 77, and 7. The velocity components in the x and y direction are u and v,
respectively, where x is vertical coordinate upwards oriented, while y is perpendicular to x. There is a component of
microrotation in the normal direction to x and y, (0, 0, ). All fluid properties are considered to be constant except for the
density variation, which induces the buoyancy force, and the effect of viscous dissipation is neglected. Figure 1 shows the
main characteristics of the flow and the geometry of the studied problem, where it is highlighted the geometry of a plane
inclined slider bearing working with micropolar fluids. The system analyzed in the present work can be part of such
engineering applications in the field of lubrication theory.

(a) (b)
Porous Media ;
I Solid backing T,
Micropolar Fluidi Fluid |
Flow b

u(0,£)=0 |-
y=0 - _kwaTn(O,t_) h]t(lTl_T) \b, 'n &‘Tm
Dl
N u(L,)=0
R R
> ”‘wgw =h(T-1,)

Fig. 1. Schematic representation of the problem: (a) geometric details of the parallel-plates channel analyzed; (b) engineering
application of slider bearing working with micropolar fluids.

From the simplifications adopted and using the equation of motion and the energy balance, the governing equations of
this problem can be written as [10]:

ov

—=0 O<y<Lt>0 1
o y (1a)
2 HZ
LU Ch S Uy Y S W .S UL P S (1b)
ot dy p Oy p)oy p
on on 0*n ou
— v, pj—=y——K|—+2n O0<y<Lit>0 1
pPJ or 0PJ] dy y@yz [8)) ] y (1c)
oT oT O’T Ogq
C —+v,pC —=Fk ——L O<y<Lit>0 1d
Poror TP e T e Ty Y (1d)

where £ is the thermal expansion coefficient, p is the density, C, is the specific heat, # is the thermal conductivity of the
fluid, v is the kinematic viscosity, K is the gyroviscosity, y is the material constant, j the microinertia, o the electrical
conductivity of the fluid and Ty is the temperature in hydrostatic state, v is the constant suction or injection of the fluid
through the porous limiting surface.

The radiation source is calculated by applying the Cogley-Vincent-Gilles [44] formulation:
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where,

I= f M[ ]dﬂ 3)

where Ky, is the absorption coefficient, A is the wavelength, and ey, is the Planck’s function. Considering the nonslip
condition for the velocity, the third kind boundary condition for the temperature, and zero spin at the fluid-solid surface:

U(y,o):(), n(y70):07 T(y’O):TE), Oﬁy SL (4a'C)
oT
u(0,0)=0; n(0,5)=0; —k, rw =m[T, -T(0,0)], >0 (4d-f)
y=0
oT
u(L,t)=0; n(L,5)=0; —k, . =h[T(L,t)-T,], >0 (4g-)
y=L
The dimensionless equations are presented as:
ou v o’U ON
— +Re—=(1+1 +0+A4——-CM°U, 0<Y<Lz>0 5
or oy ( I)ayz oY ‘ (52)
ON ON 8 N oUu
B—+ReB—= —A|—+2N 0<Y<1l,z>0 5b
or oy~ or [8Y ] ’ (5b)
2
Pl"%-i-R Prﬁzai—Nre 0<Y<Lz>0 (5¢0)
or oY 0Y

These equations are subjected to the following initial and boundary conditions:

UY,00=0; N(¥,00=0; 6(Y,00=0, 0<Y<I (62-0)
00 .
U@,7)=0; N©O,7)=0;, ——| =Bi[{-6(0,7)], 7>0 (6d-)
Yy
00 ) )
U(l,7)=0; N(Q,7)=0; ~57 =Bi,[6(,7)—&€], >0 (6g-1)
y=1

In the formulation defined by Egs. (5a-c) and Egs. (6a-i), the following dimensionless groups were employed:

2 T T\ p?e? B 2 C 2
Y:l;U:M;r:t—l:;Bz( 0)P’eh ;N:npg’ng;Pr:U HE, g = oH," Z—K :Lz;
L k I ku k a k M H UL (7a-1)
a-r
(T, -T, / ’ i
Gr_ P8 (21 0);Re:’”°L;B:i2;Bi hL. Blz_h_LC r  T,-T,. S(_PrGr,l?gLJVr_uL
v U L 5 k, l—i—/l T -T, c k

p

where M? is the Hartmann number, A; is the micropolar parameter, A,, B and C are the micropolar material constants, & is
a dimensionless group, € is a dimensionless heating parameter, and Gr, Re, Pr, Bi; and Bi; are the Grashof, Reynolds,
Prandtl, and Biot numbers, respectively.

3. Solution Methodology

3.1 Temperature Splitting

The increasing of the GITT performance and convergence accelerating of the method was performed by the splitting-
up procedure to remove the non-homogeneity in the boundary conditions at ¥ = 0 and Y = 1. Therefore, the temperature
field is split-up as follows:
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6(Y,7)=6,(Y,7)+6,(Y) (8)

Here, 6,7) is the temperature whose boundary conditions carry the original non-homogeneities at the walls, and (Y, 7) is
temperature with homogeneous boundary conditions. By applying these definitions to Eq. (5¢) subjected to the initial and
boundary conditions Egs. (6g-i), we obtain the filtered problem:

08 06, 0%,

Pra—:JrRePr 37 = o7 — Nré, (9a)
6,(7,0) = —6,(Y); —% 1 Bi6,(0,1)=0; %+ Biy,(1,1) =0 (9b-d)

The particular problems have been defined as the permanent version of the original equation for temperature, as shown in
Eq. (7a):

de, d’o
RePr—= =—=— Nré (10a)
dY dY ?
With the following boundary conditions:
a6,(00) . a6,y .
— ;Y =Bi,[§-6,(0); - de = Bi,|6,(1) - £ (10b,c)

The solution of the steady state version of the original temperature equation was analytically obtained by the Mathematica
9.0 numerical-symbolic computing platform [45], considering § = 1 and € = 1.2.

3.2 Integral Transform

Since all boundary conditions in Y = 0 are now homogeneous, the integral transformation of Egs. (5a,b) and (9a) can
be performed. The first step is to choose the eigenvalue problem, which provides the basis for construction of the desired
potential as an expansion of orthogonal eigenfunctions.

The eigenvalue problem for the temperature field is given by:

ey, L
ay? TH ¥, =0 (11a)
dy,(0) . _a 4y . _
-~ + Biy,(0) = 0; o + Bi,,(1) =0 (11b,c)

The analytical solution for this eigenvalue problem is given by Ozisik [46] as follows:
Y,(Y) = cos(u,Y)+ Bi, sin(u,Y) / (12)

where the temperature field eigenvalues (u;) are calculated from:

(Bi, + Bi,y) p; cos(u,) + (Bi, Bi, — p.)sin(y,) =0 (13)
[lwewmar={> 77 14
o T v, i=j 1
1
o 2
N, = [y @)ay (15)
J.(Y)=y.(Y)/ N (16)
and the eigenvalue problem for the linear and angular velocity fields are given by:

d’T, 5
L+ kT, =0 17a
ar> ' (172)
[(0)=0; T(1)=0 (17b,c)
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Once again, the analytical solution for this eigenvalue problem is given by Ozisik [46] as follows:

[Y)=sin(xY); «,=im, i=12.3,.. (18a,b)
[ roraay =% T 19
0 i J - M” l‘ — ] ( )
1
o 2
M, = fo I>(Y)dY (20)
L)=r)/M" 1)
The eigenvalue problem above allows the definition of the following integral transform/inverse pairs:
Transforms Inverses

1. 0 —
= [[L(r)u(¥,7)ay; ; (V)T ( (22a,b)

— 1. 0 —
r)= [ T(Y)N(Y,7)dy; ) =S T ()N, ( (22¢,d)

i=1

1 - O~ —

0)=J, 6 (No.¥.0)dY:  6,(¥,1)=3 4 (Y)8,.(r) (22¢/)

Finally, considering the eigenfunction orthogonality properties and boundary conditions, Egs. (6d-f) and (9b,c), the
integration of Egs. (5a,b) and (9a), according to integral transforms and inverse formulas, yields the following coupled
system of ordinary differential equations:

du, o x
%: ~Re) 4,0, (r)-[(1+4)x] +CM’ [T, (7)+ 4 Z T)+D,+) E6, (t) (23a)
j=1 j=1
dN, (r) = (A +24) _ P
P —Re;AﬁN] (7) 7 ; (r)—Ej;Gij (1) (23b)
do, . (z) X [+ Nr|~
;T :—Re;H,j ) (T)_[T]Hh"' (1) (23¢)
The initial conditions are similarly integral-transformed, to yield
U,(0)=0;  N,(0)=0; 8,(0)=— §,(1)8,(r)ay (242-0)
With the following coefficients:
~ 1.~
f £ (v)F( D,= [ T,(¥)8,(¥)dy (25a,b)
1~ ~ 1~ ~
E,= [ L), (Y)ay;  H,= [ §,(¥)§](¥)a¥ (25c¢,d)

Equations (20a-c) form a coupled system of ordinary differential equations (ODEs) that needs to be solved numerically by
appropriate routines for this purpose, such as NDSolve, from the symbolic numerical platform Mathematica 9.0 [45].

3.3 Method of Lines (MOL)

The MOL replaces the spatial (boundary-value) derivatives in the PDE with algebraic approximations. Consequently,
the spatial derivatives are no longer stated explicitly in terms of the independent spatial variables. Thus, only the initial
value variable, typically the time in a physical problem, remains, resulting in a system of ODEs that approximates the
original PDE, with only one remaining independent variable. Once this is done, the ODE system can be solved by applying
the DIVPAG subroutine from the Fortran IMSL Library [47]. Thus, one of the notable features of the MOL is the use of
existing, and generally well-established numerical methods for ODEs [48].
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Employing the suitable approximations to the derivatives on Egs. (5a-c) and Egs. (6a-1), the following ODE system is
generated:

du, (7) 1+4 Re ] 2(1+4)  Re [1+/11 Re ]

dr - (T)[AYZ Tony)t () AY? oAy | U (z) AY? 2AY
. (26a)

+[N,,(t)-N,, (r)]—ZAly +0, (7)
dN, () A4 Re 24, 24 4 Re A

N <T>[W+m]“vf (T>|3Ayz +?]+Nf+l <T>[W—2AY HUA @)U (0] (D)

db, (1) 1 Re 1 Nr 1 Re

i\ _g 8, 2 . S 26
i = OO\ gy Yoy )+ O (T)[Pmyz RS (T)[Pmy2 2AY] (26¢)
With the initial and boundary conditions as follows:
U, (0)=0; N, (0)=0; 6 (0)=0 (27a-c)
0, (t)+ Bi,el\Y
Uy(z)=0; Ny(r)=0; 6, (r)zl()H—Bj (27d-f)
1

6,(7)+ Bi,el\Y .
U,.(t)=0, N, (1)=0;, 6, (r):()—2 (27g)

1+ Bi,AY

3.4 Engineering Parameters

The shear stress factor, couple stress coefficient, and the heat flux are critical physical quantities for this type of heat
transfer problem. These are defined by Prakash and Muthtamilselvan [10] as follows:

- Wall Shear Stress:
ou
=K =UY), 28)
y y=0,L
- Coupled Stress Coefficient:
on ,
.=Y—| =N'(Y),_ 29)
8y s |Y70,1
- Heat Flux at the Surface of the Walls:
oT ,
q,=~k— =-0'(Y),_ (30)
8y oL |Y70,1

3.5 Recovering the Original Potentials

The original potentials and some related quantities can be evaluated from their definitions using the inversion formulas
(Egs. (22b), (22d), and (22f)) together with the respective particular solutions:

- Linear velocity field:

U(¥,0)= 3 F ()0 (x) @D
- Angular velocity field:
N(¥,7)= 3K ()N, (7 G2
- Temperature field:
6(Y,r)=0,(Y)+6,(Y,7)=6,(Y)+ i ).(Y)6,, (7) 33)
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Table 1. Convergence behavior of the GITT results for linear and angular velocity components and temperature distribution at
different axial positions for T = 0.1 and Bi; = 10; Bi;,=1.0; §=1.0; A, =1.0; e=1.2; B=0.001; C=1; A, = 3; Pr=0.72; Re = 2.0;
M?=1.0and Nr=1.0.

y 0(%,0.1)
vrr 0 0.2 0.4 0.6 0.8 1
10 0.890020  0.671960  0.480930  0.352700  0.319060 0.407320
20 0.890080  0.671980  0.480940  0.352800  0.319060 0.407310
30 0.890090  0.671980  0.480940  0.352800  0.319060 0.407310
40 0.890090  0.671980  0.480940  0.352800  0.319060 0.407300
MOL 0.890090  0.671980  0.480940  0.352800  0.319060 0.407300
ux0.1
Ny 0 0.2 0.4 0.6 0.8 1
10 0.000000  0.008363  0.011253  0.010303  0.006579 0.000000
20 0.000000  0.008376  0.011261  0.010310  0.006588 0.000000
30 0.000000  0.008377  0.011261  0.010311  0.006589 0.000000
40 0.000000  0.008378  0.011262  0.010311  0.006589 0.000000
MOL 0.000000  0.008378  0.011262  0.010311  0.006589 0.000000
NX,0.1)
Ny 0 0.2 0.4 0.6 0.8 1
10 0.000000  -0.001640  -0.000340  0.001380  0.001999 0.000000
20 0.000000  -0.001640  -0.000340  0.001380  0.002005 0.000000
30 0.000000  -0.001650  -0.000340  0.001390  0.002005 0.000000
40 0.000000  -0.001650  -0.000350  0.001390  0.002006 0.000000
MOL 0.000000  -0.001650  -0.000350  0.001390  0.002006 0.000000

Table 2. Convergence behavior of the GITT results for linear and angular velocity components and temperature distribution at
different axial positions for = 0.5 and Bi; = 10; Bi;=1.0; §=1.0;1,=1.0; e =1.2; B=0.001; C=1;A,=3; Pr=0.72; Re = 2.0; M?

=1.0and Nr=1.0.
y 6(%,0.5)
e 0 0.2 0.4 0.6 0.8 1
10 0.959030  0.885270  0.830320  0.799480  0.800630 0.845080
20 0.959030  0.885270  0.830320  0.799480  0.800630 0.845080
30 0.959030  0.885270  0.830320  0.799480  0.800630 0.845080
MOL 0.959030  0.885270  0.830320  0.799480  0.800630 0.845080
Ux;0.5)
nrv 0 0.2 0.4 0.6 0.8 1
10 0.000000  0.015967  0.024631  0.025198  0.017103 0.000000
20 0.000000  0.015980  0.024642  0.025209  0.017120  0.000000
30 0.000000  0.015982  0.024643  0.025210  0.017122  0.000000
40 0.000000  0.015982  0.024643  0.025211  0.017123  0.000000
MOL 0.000000  0.015982  0.024643  0.025211  0.017123  0.000000
MZY,0.5)
NTY 0 0.2 0.4 0.6 0.8 1
10 0.000000  -0.004461  -0.002463  0.001794  0.004211 0.000000
20 0.000000  -0.004477  -0.002467  0.001799  0.004230 0.000000
30 0.000000  -0.004479  -0.002467  0.001800  0.004232  0.000000
40 0.000000  -0.004479  -0.002467  0.001800  0.004232  0.000000
MOL 0.000000  -0.004479  -0.002467  0.001800  0.004233  0.000000

4. Results

To obtain numerical results from the coupled system of differential equations (Eq. (23a) to Eq. (23c)), the expansions
were truncated to a finite sequence of terms. NTV (for velocities fields) and NTT (for temperature field) are the numbers
of terms or the truncation orders of the recovered potentials assigned to NDSOLVE function from the Mathematica 9.0
numerical-symbolic computing platform [45] and m is the internal number of points in the mesh of the Method of Lines
[48] used in the DIVPAG subroutine [47].

4.1 Convergence Behavior

Convergence analysis of linear and angular velocity components and temperature field was performed with the gradual
increasing process of the truncation order of the expansions (GITT), for two values of time: T = 0.1 on Table 1 and
©=0.5 on Table 2 (m = 600 for MOL).
For the temperature potential when t = 0.1 it is observed that it converges with 30 terms with four digits, while for T = 0.5,
it converges with 20 terms with four significant digits. These results can be explained because when T = 0.5, the steady
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state is almost achieved, which in general means a more straightforward problem. In this case, the convergence is faster.

For the linear velocity field when t = 0.1, it is noted that this potential converges with 40 terms with four significant digits.
This behavior can be explained because the linear velocity profile is coupled with the temperature and angular velocity
profiles, and the convergence is expected to be slower than the one for temperature. Unlike for the temperature field
(t = 0.5 = NTT = 20), it is shown that even when steady state has almost been achieved, the convergence for the linear
velocity field is reached for NTV = 40. This change occurs on account of the coupled nature of the potentials, such as
linear and angular velocities convergences when compared to the temperature field. The convergence analysis for the

angular velocity field for T = 0.1 and T = 0.5 has the same behavior of the linear velocity field, and both converge with
NTV = 40.

4.2 Numerical Verification

The verification of the present work results was performed considering three values of time (t = 0.1, 0.2, and 0.3) and
the solution compared with Prakash and Muthtamilselvan [10] in the Figs. 2. to 4. These figures show a good agreement
between the results of GITT, MOL, and the literature for all the fields evaluated (linear and angular velocities and
temperature distribution) and for the different values of time analyzed.
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0 0.2 0.4 0.6 0.8 1

Distance (V)

Fig. 2. GITT results verification with Prakash and Muthtamilselvan [10] for linear velocity distribution with Bi1 = 10; Bi> = 1.0;
§=1.0;12=1.0;e=12;B=0.001;C=1;A\1 =3; Pr=0.72; Re = 1.0; M*> =1.0 and Nr=1.0.
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Fig. 3. GITT results verification with Prakash and Muthtamilselvan [10] for angular velocity distribution with Bii = 10; Biz = 1.0;
§=1.0;12=1.0;e=12;B=0.001;C=1;A1 =3; Pr=0.72; Re = 1.0; M*> =1.0 and Nr=1.0.
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Fig. 4. GITT results verification with Prakash and Muthtamilselvan [10] for temperature distribution with Bi1 = 10; Bi> = 1.0;
§=1.0;1=1.0;e=12;B=0.001;C=1;A\1 =3; Pr=0.72; Re = 1.0; M*> =1.0 and Nr=1.0.

It is noteworthy that a numerical method (Crank—Nicolson implicit finite difference technique) was used to obtain the
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results from Prakash and Muthtamilselvan [10] (referenced in the figures by FDM [10]), while the results from the method

of lines were obtained by using the DIVPAG routine from the IMSL Fortran numerical Library [47] (referenced in the
figures by MOL).

4.3 Hydrodynamic Aspects

This section studies the transient behavior as well as the effect of the variation of the system parameters on the linear
and angular velocities fields (Figs 5 to 12).

The variables and parameters employed in the present analysis were:
- Dimensionless time (7): which is directly proportional to the dimensional time, t;
- Reynolds number (Re): the relation between the inertial forces and the viscous forces;
- Hartmann Number (M?): directly proportional to the magnetic field applied externally;
- Micropolar Parameter (A;): directly proportional to the rotational viscosity coefficient;
- Dimensionless Thermal Radiation Parameter (N7): directly proportional to the absorption coefficient.

For the linear velocity, it is possible to observe in Fig. 5 that an increase in the Reynolds number, as expected, increases
the velocity distribution in the middle of the channel (accelerate the fluid). Thereby, in the case that Re = 10, inertial forces
are more significant than viscous forces. On the other hand, in the condition that Re = 1, both have the same magnitude.
It is also observed that there is an increase in suction velocity in the upper plate (positioned at ¥ = 1) so that the profiles

are shifted to the top wall of the channel. Furthermore, the linear velocity profile is increased with time to reach the steady
state.
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Fig. 5. Transient behavior and effect of Reynolds number on linear velocity distribution with Bii = 10; Biz = 1.0; £ = 1.0; A2 = 1.0;
£€=1.2;B=0.001;C=1; X1 =3; Pr=0.72; M*=1.0 and Nr=1.0.

0.03
— Re=1 | - g—
q4]=-= Re=10 e = S
S /’I Z = __‘\\\\\
’ - ~
St ] P - O R
3.0-02 e S iy
.g I \\\\\
) 1 ,/’ v \\\‘
- / M =1,2,3 oy
= 4 L 12,3 AR
o g I\
gﬂ.ﬂla £e N
ot A &
- % ¢
4 L]
‘\
0.00 T T T T T T T T T
0 0.2 0.4 0.6 0.8 1

Distance (¥)

Fig. 6. Effect of Hartmann number and Reynolds number on linear velocity distribution with Bi; = 10; Bi, = 1.0; £ = 1.0; A, = 1.0;
£=12;B=0.001;C=1;A;,=3; Pr=0.72 and Nr=1.0.

Figure 6 illustrates the effect of the Hartmann number on the stationary linear velocity distribution for Re = 1 and Re = 10.
The velocity profiles are parabolic, and there is a maximum value near the middle of the channel, but this maximum is
displaced toward Y = 0.6 for large Reynolds number. Also, as M? is increased, the velocity profile decreases. Hence, the
fluid velocity can be reduced by the presence of a strong magnetic field. This behavior can be explained by the Lorentz
force, which is a drag-like force produced by the application of a normal magnetic field to an electrically conducting fluid
[33], which has an inverse direction to the fluid flow.

The effect of Reynolds number (Re) and micropolar parameter (A;) on the linear velocity profile is examined in Fig. 7.
Once again, as expected, the velocity distribution increases as Re is increased by the predominance of inertial forces. On
the other hand, it is observed that the velocity profile decreases with an increase in the micropolar parameter. By increasing
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the micropolar parameter, the viscous gyration effects are enhanced, and the fluid flow is damped [36], while the total
viscous effect is increased (dynamic viscosity and gyroviscosity) increasing the fluid flow resistance.

The velocity profile along the spatial coordinate Y for different values of radiation parameter and the Reynolds number is
depicted in Fig. 8. The velocity distribution decreases with an increase in the radiation parameter. Because radiation has a
negative contribution to Eq. (5¢), the thermal radiation acts as a drain on the energy of the medium and decreases
temperature distribution in the fluid, consequently decreasing the velocity magnitude. Additionally, the maximum velocity
is near Y = 0.6 in the case of a large Reynolds number (Re = 10).

Figure 9 presents the transient response in the angular velocity profile, as well as the effect of the increase on the Reynolds
number. The amplitude of the angular velocity profiles grows with time. Between ¥ = 0.5 and Y = 1 approximately, they
are positive, and at about ¥ = 0 and Y = 0.5, the values of microrotation are negative. Moreover, as the Reynolds number
increases the amplitude of the angular velocity is also increased. In the region between ¥ = 0.0 and Y = 0.5, the fluid is
injected, and, as Re is increased, the angular velocity is also increased, on the other hand, between Y = 0.5 and Y = 1.0,
the suction effect decreases the angular velocity magnitude.
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Fig. 7. Effect of the micropolar parameter and Reynolds number on linear velocity distribution with B7; = 10; Bi, = 1.0; £ = 1.0;
A,=1.0;e=12;B=0.001;C=1; Pr=0.72; M>=1.0 and Nr=1.0.
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Fig. 8. Effect of radiation parameter and Reynolds number on linear velocity distribution with B7; = 10; Bi, = 1.0; £ = 1.0; A2 = 1.0;
£€=1.2;B=0.001; C=1; A1 =3; Pr=0.72 and M =1.0.
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Fig. 9. Transient behavior and effect of Reynolds number on angular velocity distribution with Bi; = 10; Bi; = 1.0; § = 1.0; A2 = 1.0;
£€=1.2;B=0.001;C=1; X1 =3; Pr=0.72; M*=1.0 and Nr=1.0.

The influence of the Reynolds number as well as the Hartmann number on the angular velocity field is shown in Fig. 10.
Observes an increase in the Hartmann number is to increase the angular velocity amplitude between Y = 0 and Y = 0.5
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while decreasing it in between Y = 0.5 and Y = 1. It is noteworthy that this behavior is moved to Y = 1 for higher Reynolds
numbers. As the Hartman number is increased, the linear velocity is decreased by the Lorentz forces, decreasing the
velocity gradients which increases the angular velocity (according to -A;,0U/dY on Eq. (5b)).
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Fig. 10. Effect of Hartmann and Reynolds numbers on angular velocity distribution with B7; = 10; Bi,= 1.0; § = 1.0; A2 = 1.0; e = 1.2;
B=0.001;C=1;A =3; Pr=0.72 and Nr=1.0.
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Fig. 11. Effect of micropolar parameter and Reynolds number on angular velocity distribution with Bi; = 10; Bi, = 1.0; £ = 1.0;
A=1.0;e=12;B8=0.001;C=1; Pr=0.72; M* =1.0 and Nr= 1.0.
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Fig. 12. Effect of radiation parameter and Reynolds number on angular velocity distribution with Bi; = 10; Bi, = 1.0; £ = 1.0; A2 = 1.0;
€=1.2; B=0.001;C=1; A1 =3; Pr=0.72 and M? =1.0.

The angular velocity field for different values of the micropolar parameter and Reynolds number is illustrated in Fig. 11.
Unlike the velocity, the angular velocity amplitude increases with the increase of the micropolar parameter. Larger values
of the micropolar parameter increase the momentum transfer layer-by-layer because of particle micro-rotation by the
escalation of viscosity [36], decreasing the velocity. As the velocity gradient is decreased, the term -A,0U/dY has less
contribution to the amplitude of the angular velocity field; however, the term 2A;N, which has a positive contribution,
slightly increases the magnitude of N.

Figure 12 portrays the effect of the radiation parameter as well as the Reynolds number on the angular velocity profile.
Increasing the Reynold number increases the inertial forces, which decreases the linear velocity gradients and increases
the angular velocity amplitude. The increase of the radiation parameter increases the amplitude of the angular velocity.
Higher values of radiation parameter result in the decrease of the temperature, which implies less contribution of body

forces (natural convection) in the field of linear velocity. Again, the decrease in the velocity gradients increases the angular
velocity.
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Table 3. Shear and couple stresses along the plates (r = 0.2; Nr=1.0; Pr=0.72).

Shear and Couple Stress

S

Re A[

v, U, N, N,

0 0.07807 -0.05982 -0.03007 -0.02871

3 1 0.07669 -0.05876 -0.02940 -0.02806

9 2 0.07537 -0.05775 -0.02875 -0.02745
0 0.05223 -0.04206 -0.03365 -0.03189

5 1 0.05157 -0.04151 -0.03310 -0.03137

2 0.05093 -0.04098 -0.03258 -0.03087

0 0.08110 -0.08034 -0.03576 -0.03561

3 1 0.07975 -0.07975 -0.03495 -0.03478

2 2 0.07845 -0.07712 -0.07712 -0.03399
0 0.05655 -0.05350 -0.03981 -0.03916

5 1 0.05586 -0.05271 -0.03917 -0.03850

2 0.05519 -0.05196 -0.03855 -0.03786

Temperature (0)

0 0.2 0.4 0.6 0.8 1
Distance (Y)

Fig. 13. Transient behavior and effect of Reynolds number on temperature distribution with Bi; = 10; Bi,=1.0; §=1.0; A, =1.0; e =1
2;B=0.001;C=1;A,=3; Pr=0.72; M?=1.0 and Nr=1.0.

1.0

Temperature (0)

0 0.2 0.4 0.6 0.8 1
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Fig. 14. Effect of radiation parameter and Reynolds number on temperature distribution with Bi; = 10; Bi; = 1.0; § = 1.0; A2 = 1.0;
€=1.2; B=0.001; C=1; A1 =3; Pr=0.72 and M =1.0.

The shear and the coupled shear stresses over the plates can be observed in Tab. 3. Table 3 demonstrates that an increase
in the magnetic parameter will decrease the shearing rates magnitude for both walls. The Lorentz forces induced by the
application of the magnetic field decrease the inertial and the micro rotational motion resulting in the reduction of the
shear stresses. Instead, by increasing, the Reynolds number enhances the inertial forces, which increase the shearing rates
magnitude.

4.3 Heat transfer Aspects

Here we investigate the transient behavior as well as the effect of the variation of the system parameters on the
temperature field (Figs. 13 to 16).
The variables and parameters employed in the present analysis were:
- Dimensionless time (T);
- Reynolds number (Re);
- Dimensionless Thermal Radiation Parameter (IV7);
- Type of Heating (Bi and Biy): is a dimensionless quantity used in heat transfer, being the ratio of the heat transfer
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resistances inside and at the surface of a body (Eq. 3k e 31);
- Prandtl number (Pr): describes the relative thickness of the velocity and the thermal boundary layers. It is the relation
between the viscous diffusion and the heat diffusion rates (Eq. (3f)).

The development of temperature distribution with time along the spatial coordinate Y is presented in Figure 13. Keeping
the values of the Reynolds number fixed, it is observed that the temperature increases with time. Furthermore, the influence
of the Reynolds number is to increase fluid temperature. Therefore, the higher the Reynolds number, the greater the
convective heat transfer, and the higher the temperature.

Figure 14 illustrates the influence of the radiation parameter, N7, and Reynolds number on the temperature distribution.
The temperature is decreased due to the absorption of energy from the fluid [10] as the radiation parameter is increased.
As previously discussed, the radiation term acts as an energy drain in Eq. (5c), and as it increases, the temperature
magnitude decreases. The increase of Re increases the inertial forces and the connective transfer, improving the heat
transfer and elevating the temperature.

In Fig. 15, it is possible to evaluate the influence of the convection heat flux at the walls and the radiation parameter, N7,
on the temperature field. As expected, the increase in thermal radiation leads to a decrease in fluid temperature, as shown
in Fig. 14. It is further demonstrated that the highest temperature is associated with the convective flux applied on the wall,
with a higher convective flux, the heat transfer is enhanced, and the temperature increased. Because ¢ = 1.2, the
temperature profile is higher at the wall in Y = 1 when Bi; = 10, than in Y = 0 when Bi; = 10.
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Fig. 15. Effect of radiation parameter and type of heating on temperature distribution with Re=2;§=1.0; A2=1.0; e = 1.2;
B=0.001;C=1;A =3; Pr=0.72 and M? =1.0.
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Fig. 16. Effect of Prandtl number and type of heating on temperature distribution with Re = 2; § = 1.0; 22 = 1.0; ¢ = 1.2; B=0.001;
C=1;M=3;M*=1.0and Nr=1.0.

Figure 16 is presented to analyze the effect of the Prandtl number on the temperature field. It is noted that an increase in
the Prandtl number decreases the temperature for both studied values of Bi; and Bi,. A low Prandtl number means that the
thermal diffusion rate is higher than the viscous diffusion rate. As Pr increases, the viscous diffusion increases, and the
temperature field development is damped, resulting in the decreasing of the temperature profile.

Table 4 demonstrates that despite all case studies, the increase in the radiation parameter increases temperature gradient
magnitude. A high augmentation of the local heat flux is not observed. Moreover, the effect of radiation is to absorb the
heat from the right wall and transfer it to the left wall, whereas the opposite effect is observed for the case of heat flux
applied to the right wall [10]. Furthermore, as the Pr number increases, the heat flux is increased mainly in the plate where
Bi = 10, which can be explained by the increase of the viscous diffusion rate (high Prnumber) associated with the increase
in the convective heat transfer (higher B number).
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Table 4. Local heat flux along the plates (t = 0.2; M? = 1.0; A = 3.0).

Bi;=10e Bi,=1 Bi;=1eBi;=10

fe BN ), -0(),, -0, -0F),,
0 1.10546 -0.48869 0.265118 -0.57699

0.72 1 1.36794 -0.55246 0.348773 -0.85084

9 2 1.59706 -0.60653 0.418861 -1.09554
0 5.87251 -0.76677 0.928238 -0.62126

7 1 5.88332 -0.77175 0.928655 -0.67953

2 5.89396 -0.77663 0.929066 -0.73704

0 0.449805 -0.47526 0.366893 -1.53094

0.72 1 0.682803 -0.5514 0.426462 -1.81332

2 2 0.89069 -0.61539 0.476836 -2.06137
0 0.517712 -1.11638 0.638961 -7.05106

7 1 0.566271 -1.11682 0.643107 -7.06383

2 0.614202 -1.11725 0.647176 -7.07642

5. Conclusions

The present work evaluates the fully developed transient flow of micropolar fluid between two infinite vertical plates in
the presence of a transverse magnetic field by applying the GITT approach. Convergence analysis showed that the
temperature field has a more accelerated convergence than the other fields because itis decoupled from the linear and
angular velocities. The verification of results obtained with GITT approach performed in comparison with those of the
literature and those obtained using the MOL approach were considered satisfactory, so that the computer code developed
can be employed for in-depth investigation of the cases evaluated here and further on the effects and conditions over the
flow and heat transfer in the channel. The study of the hydrodynamic and heat transfer aspects shows that the increase of
the Hartman number decreases the velocity magnitude because of the Lorentz forces, which actuate contrary to the flux
direction. The velocity is also decreased by the increase in the micropolar parameter due to the intensification of
gryoviscosity. The temperature is decreased by the increase of the radiation parameter and Prandtl number by the
absorption of temperature from the fluid and by the viscous diffusion enhancement, respectively. It is noteworthy that no
previous studies are employing the solution of micropolar fluid MHD flow in parallel plate channels by the GITT approach.
Hence, the present work represents an expansion of the application of the GITT.
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Nomenclature
A Integral transform coefficient (Eq. (25a)) Greek Letters
B Micropolar material constant a Thermal diffusivity
Bi,Bi;  Biot numbers at the left and right walls, respectively B Thermal expansion coefficient
C Micropolar material constant (Eq. (7k)) y Material constant
Cy Coefficient of integral transform (Eq. (25a)) Yo Constant of proportionality
G Specific heat I'{y)  Velocity fields eigenfunction (Eq. (18a))
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D; Coefficient of integral transform (Eq. (25b)) f', ( y) Normalized velocity fields eigenfunction (Eq. (21))
Ej; Coefficient of integral transform (Eq. (25c)) Ay Step size
erp Planck’s function £ Dimensionless heat parameter
g Acceleration of gravity 6(y,t) Dimensionless temperature (Eq. (7d))
. . Dimensionless homogeneous solution for
Gy Coefficient of integral transform (Eq. (25a)) 0:(3,%) temperature (Eq. (8))
Gr Grashof number 0,() Dimensionless particular solution for temperature
U0 (Bq. 9)
Hy Magnetic field intensity 6,(r)  Transformed temperature field (Eq. (22¢))
h b Externgl convection coefficient at the left and right walls, X Velocity fields cigenvalues (Eq. (18b))
respectively
Hj Coefficient of integral transform (Eq. (25d)) A Wavelength
J Dimensionless microinertia per unit mass A Micropolar parameter
k k,  Thermal conductivity of the fluid and walls, respectively Az Micropolar material constant
K Rotational viscosity coefficient U Dynamic viscosity of the fluid
K Absorption coefficient Ui Temperature field eigenvalue (Eq. (13))
L Thickness of the channel & Dimensionless parameter (Eq. (71))
M Hartman number (Eq. (7g)) % Kinematic viscosity of the fluid
n(,t)  Angular velocity v, Kinematic rotational viscosity
m %inntssrnal number of points in the mesh of the method of Density of the fluid
N(Y,;t) Angular velocity (dimensionless) (Eq. (7e)) Electrical conductivity of the fluid
N; (T) Transformed angular velocity field (Eq. (22b)) Dimensionless time
Nr Thermal radiation parameter Tom Coupled stress on the walls (Eq. (29))
NTV Truncation order for the expansion for GITT for the
NTT linear and angular velocity fields, and the temperature Ty ‘Wall shear stress (Eq. (28))
field, respectively
> Eigenfunction and normalized eigenfunction,
Pr Prandtl number (Eq. (7f)) v, respectively
Re Reynolds number (Eq. (71))
Radiative heat flux and heat flux on the walls, . .
qn qw respectively Subscripts and Superscripts
T(y)  Temperature of the fluid i,k Eigenvalues order (continuous domain - GITT)
t Dimensional time i Number of points (discrete domain - MOL)
U(Y,t) Dimensionless linear velocity (Eq. (7b)) h Filtered problem
U, (T ) Linear velocity field transformed (Eq. (22a)) p Particular problem
Linear velocity in x direction and y direction,
u(y,b),v .
respectively
X,y Dimensional spatial coordinates
X,Y  Dimensional spatial coordinates
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