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Abstract. In this research, the impact of heat transfer on mixed convection steady third-grade fluid flow over an impermeable
stretching cylinder with heat source is scrutinized. The investigation of mixed convection with non-Newtonian fluid is significant
in geophysical and engineering fields. Appropriate transformations are alleged to obtain ordinary differential equations, which are
later computed by using an analytical approach called the homotopy analysis methodology (HAM), and the interval of convergence
is computed. Local Nusselt number and coefficient of skin friction values are computed numerically for novel parameters.
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1. Introduction

In recent years, non-Newtonian fluids have become significant in many industrial manufacturing techniques, particularly with
the improvement of the polymer industry, petroleum industry, food, microfluid, fiber, and paper industries. Because of diverse
physical nature, no general model available, which adequately describes the rheology of non-Newtonian fluids. The governing
equations obtained are highly nonlinear. For these reasons, under realistic conditions, both the mathematical analysis and the
numerical simulation of non-Newtonian fluids are very challenging. Three types of non-Newtonian fluids, namely the integral type,
the rate type, and differential type fluids, also known as Rivlin-Ericksen tensor, is vital in fluid literature [1]. Differential-type fluids
can be classified according to the order of the time derivatives of the velocity gradient that appear in the stress tensor. In particular,
second-grade fluids reproduce the normal stress effects, but they do not influence shear thickening and shear thinning properties.
To reproduce these phenomena, a velocity gradient of higher-order is required. Third-grade fluids are a subgroup of the family of
fluids of intricacy three, which follow a particular constitutive law. The fluid model of third-grade contained all properties of visco-
elastic fluids. This model anticipated the shear-thinning/thickening features along with normal stresses. The stability and
thermodynamics of these fluids were examined by Fosdick and Rajagopal [2]. The capability of a third-grade phenomenon to explain
the shear thickening/thinning characteristics for various flow configurations has motivated the investigators to probe this model
under different physical situations. Hayat et al. [3] scrutinize the analytical study of axisymmetric boundary layer motion of third-
grade fluid over stretching cylinder with magnetic effects. Rashidi et al. [4] have done significant analysis on entropy generation of
convective third grade fluid motion over stretching sheet under the magnetic effects. Samuel et al. [5] analyzed the irreversibility
theory in the reactive third grade fluid flow. Hayat et al. [6] examined the axisymmetric squeezing third grade fluid flow between
two disks. Reddy et al. [7] explored the flow visualization of third grade fluid over heated cylinder by using theory of Bejan’s heat
function. They concluded that wall shear stress and coefficient of heat transport decays at the heated walls as third grade fluid
parameter grows. Several recent studies regarding third grade fluid can be cited in [8-14].

Mixed convection is the heat transport process resulted by combined effects of forced convection and free convection. The
significance of the stretched surface, along with mixed convection flow, has ample implementations in industry and engineering
such as solar collectors, atomic reactors, electronic equipment, and heat exchanger. In light of all these applications, several
investigations have been undertaken to examine the outcomes of mixed convection (See Refs [15-22].

A heat generation/absorption is a system with a large heat capacity that is temperature remains constant when it is in contact
with other systems. Heat source/sink crucially controls heat transfer. Freezers and air conditioning (AC) are common examples of
heat source/sink, and these heat pumps are used in many heating, ventilation, and air conditioning (HVAC) devices. They are useful
in electronics, e.g., in lasers, semiconductors, transistors, and optoelectronic devices. Hayat et al. [23] discussed the non-uniform
heat generation/absorption and radiation effects over stretched cylinder immersed in a thermally stratified media. Srinivas et al.
[24] obtained analytical results to study the impacts of chemical reaction and heat source/sink on magnetohydrodynamic (MHD)
nanofluid motion in a stretching and shrinking permeable pipe. Irfan et al. [25] explored the 3D unsteady Carreau nanofluid
transport numerically with variable thermal conductivity and generation/absorption heat influences. Khan et al. [26] highlighted
the mixed convection couple stress fluid generated by oscillatory stretched sheet in the existence of nanoparticles. An investigation
of Oldroyd-B nanofluid flow in the presence of generative/absorptive heat over stretching sheet has been done by Gireesha et al.

Published online: April 20 2020 AV[‘



1126 A. Ali et. al.,, Vol. 6, No. SI, 2020

[27]. Shamshuddin et al. [28] accounted the variable heat flux to capture the properties of micropolar fluid transport induced by
permeable sheet. Ali et. al [29] studied the effects of non-uniform heat flux over exponentially stretching surface. Recently, Ali et al.
[30] investigated the heat flux phenomenon between two rectangular plane walls which are expanding or contracting.

The main aim of the present study is to investigate the impact of heat transfer on mixed convection steady third-grade fluid
flow over an impermeable stretching cylinder in the presence of heat source/sink. The governing equations with appropriate
boundary conditions are transformed into ordinary differential equations, whose solution is computed by using an analytical
approach called the homotopy analysis methodology (HAM), and the interval of convergence is computed. Local Nusselt number
and coefficient of skin friction values are computed numerically for novel parameters. The effects of different involved parameters
on the flow field of velocity and temperature distribution are analyzed with the help of graphs.

2. Mathematical Modeling

The steady, laminar, incompressible flow dynamics of third-grade fluid along with mixed convection is encountered. Flow
phenomena occur due to the stretching cylinder of radius R with velocity u, (x) linearly related to axial distance x. The cylindrical
coordinates system is taken such that x —axis is parallel to the axial direction of cylinder whereas r —axis is taken normal to it.
T.(x) and T, are the temperature at the surface and free stream respectively. Heat transfer phenomenon is studied in the
occurrence of thermal conductivity which depends on temperature. The geometry of the problem is shown in Fig. 1.
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Fig. 1. Physical flow model

The velocity field in the cylindrical coordinate system is taken as:

V =[v (r,x),0,u(r,x)]. (1)

The governing model under the Boussinesq and boundary layer approximation (i.e.x =0(1),r =0(§),u =0 (1),v =0(é) ) taken the
form [7, 15, 16, 17]:
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The associated boundary conditions are [15]:
(e, R)=u, () =45 0 (,R) = 0T (x,R) =T, (X):TX+[%] AT,

u(x,r) =0T (x,r)—»T,, asr—oco.
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In the above expressions, components of velocity along (x,r) axes areu and U respectively, v is named as kinematic viscosity, p
is called fluid density, a,,a, and g, are the second and third-grade fluid parameters, 3. the volumetric thermal expansion, T is the
fluid temperature, n is temperature exponent, ¢, named as specific heat, K(T)=K,_(1+¢c0) stands for variable thermal
conductivity, where K is fluid thermal conductivity at free stream, « denotes variable thermal conductivity parameter, ¢ is the
dimensionless temperature, Q is the generation/absorption heat parameter. Moreover, u, (x),u, expresses the stretching and
reference velocity and I, AT is characteristics length and characteristic temperature. Following similarity transformation are

introduced [13]:
_fug [rP=R*) . ux o, _ R Juw T -T,
"_\Ivl[ 2R ]’“_ v ==y T 0 === (©)

Employing Eq. (6) in Egs. (2)-(5), we obtained:
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f(0)=0,f7(0)=16(0)=1,
, ©)

f'(n)—0,0(n)— 0asn— oo
In above equations the non-dimensional parameters are 4 the curvature parameter, «,,a, and 3, are the second and third-grade
fluid parameters, A\ the mixed convection parameter, Re the Reynolds number, Pr the Prandtl number and h, the heat source/sink

parameter and mathematically stated as:
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The skin friction coefficient C; and Nusselt number Nu, are given by the expressions:

27, xq
C,=—%,Nu, =——"""——,
T pu? K. (T.-T.) (11)

In Eq. (11), 7. and g, represents the shear stress at the wall and heat flux which are formulated as:
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Using Eq. (12) into Eq. (11), we acquire the following terms for coefficient of skin friction and Nusselt number,
1 21
Re2C; =f"(0)+3a,f"(0) +23f "*(0), Re,2Nu, = —0'(0). (13)

In which Re, =ux /v is the local Reynolds number.

Journal of Applied and Computational Mechanics, Vol. 6, No. SI, (2020), 1125-1132



1128 A. Ali et. al.,, Vol. 6, No. SI, 2020

a; =0,0.2,0.4,0.6

a=0,05,1,15

£ g
= =
° ©
@ @
@ @
£ £
2 &
c =
@ @
@ ]
g g
a S
£ e
o o
n "
0 1 2 3 4 0 1 2 3
n n
(a) o, against f ' (n) (b) a, against f ' (n)
B3=0,2,4,6 ¥y=0,0204,06
£ 2
S =
@ F;
2 2
8 ‘;
g ©
g g
o e
£ &
e o
[0 - i
I = >
0 1 2 4 0 1 2 4
n
(c) B, against f ' (n) (d) ~ against f'(n)
Re=90,2 4,6 A=0,1,2,3
4| 4 A .E .E
\ = T
I ° °
3 \ i ®
1 2 o
\ = £
. 1 8 . »
=2 \ H b =
1 2 2
N £ @
[N e
1 S 2 oy
~ o e e |
~ I N - <
—
0 alL T il me s me é -0.2 - - ~<
0 1 2 3 4 5 6 0 1 2 3 4 5 6 7
n

(e) Re against f ' (n) (f) » against f (1)

Fig. 3. Velocity profile for different parameters

3. Result and Discussion

Equations (7) and (8) with the boundary conditions (9) have been simplified analytically by utilization homotopy analysis

methodology (HAM). For ranges of auxiliary parameters /i, and , , we have sketched h — curves up to 13™ approximation order in
Fig. 2. We can see that the values of hy and #, lies between —0.6 < h; <0.05 and —-0.75<h,<-0.1.
Explanation of the series solutions under the effect of different novel parameters on the flow and temperature distributions are
analyzed in this portion. To examine the influence of sundry parameters on the velocity profile f '(n), Fig. 3 (a) -3 (f) are sketched.
Fig. 3 (a) manifests the impact of second-grade fluid parameter (o, ) against the velocity profile. The velocity decreases near the wall,
and it exhibits mingling behavior away from the wall when n >5 . Also, the thickness of the momentum boundary layer is decreased.
Fig. 3 (b) shows the variation of f '(5)) against the second-grade fluid parameter (o) . It is observed that velocity is an increasing
function of a, . The role of third-grade fluid (8;) on f '(n) is highlighted in Fig. 3 (c). It explores that for large value of 3, the velocity
increases close to the wall, and it disappear far off from it. Also, the momentum boundary layer thickness increases. Indeed, g, is
related inversely to the viscosity. Increment in 3, , causes fluid viscosity to diminish, and hence velocity profile increased.
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Table 1. Numerical values of Nusselt numbers and skin friction for various parameters.
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Fig. 5. Flow streamlines for two dimensionless flow.
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Fig. 3 (d) represents the effect of curvature parameter (y) against f (1) . It is seen that increasing values of ~ , decreases the velocity
near the cylinder surface and strengthen the velocity and momentum boundary layer thickness far away from it. Physically, the
main reason behind this is that, as the curvature parameter is inversely related to the curvature radius. Increment in v diminish
the cylinder radius, consequently, the contact region between liquid and cylinder alleviates, which increases the fluid motion and
eventually enhances the velocity profile. The behavior of Reynolds number (Re) is portrayed in Fig. 3 (e), which discloses that f ()
increase by enhancing Re . The Reynolds number is termed as the fraction of inertial forces to viscous forces and for large values of
Re the inertial forces became dominant as compared with viscous forces. Thus the velocity profile increases. Effect of mixed
convection parameter (\) against velocity is sketched in Fig. 3 (f). Decreasing trend is seen for both velocity and thickness of the
velocity boundary layer for large value of X .

Figures 4 (a) - 4 (h) presented the role of sundry parameters against temperature distribution. The influence of second-grade fluid
parameter (o, ) against () is illustrated in Fig. 4 (a). We noted that temperature distribution enlarges close to the surface but more
sensitive to increase away from it. Fig. 4 (b) represents the impact of second-grade parameter «, versus temperature (). It describes
that temperature decreases in the boundary layer, consequently thinning the thickness of the boundary layer. The variation of ¢(r)
versus temperature exponent (n) is illustrated in Fig. 4 (c). The result indicates that temperature, together with their corresponding
boundary layer thickness decreases. Physically, this behavior presented that augmentation in n increases the difference between
ambient temperature and wall, which boosted the rate of heat transfer, thus temperature decreases. Effect of variable thermal
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conductivity parameter (¢) is plotted in Fig. 4 (d). Clearly, enhancement in thickness of thermal boundary layer and temperature is
observed. As thermal conductivity relies on temperature, amplitude of temperature grows by rising average thermal conductivity.
Fig. 4 (e) presented the impact of heat absorptive/generative parameter (h, ) against the temperature field. The figure shows that
temperature increases for higher values of h; . As the presence of thermal source delivered more heat that’s why temperature field
enhanced. Influence of curvature parameter () versus ¢(n) is demonstrated in Fig. 4 (f), which testified that near the wall thickness
of thermal boundary layer and temperature decreases and increases away from the cylinder surface. Incrementin v enhances the
rate of heat transfer from cylinder to the surface thus temperature field drop near the surface and strengthen away from region.
Fig. 4 (g) is designed to explore the influence of Pr on 6(n). It reveals that increment in Pr diminished the temperature and
thickness of thermal boundary layer. As Pr is proportion of mass diffusion to thermal diffusion. Increment in Pr slow down the
heat diffusion rate due to which thermal boundary layer became thinner and temperature descended. Fig. 4 (h) is drawn to examine
the variation in temperature profile for mixed convection parameter (A) and reveals increasing behavior.

Streamlines for the given non-Newtonian, two-dimensional flow of third-grade fluid are presented in Fig. 5 for fixed values of
parametersas a; =a, =y=Re=0.1, 3,=0.2, v=1=U =r =0.1.

Table 1 represents the numerical values of the skin friction coefficient and heat transfer rate for various novel parameters.
Observation concluded that increment in values of ay, 3;, )\, 7, € and n , intensified the coefficient of skin friction whereas it
depressed with rise of «,, Re and Pr. Moreover, an expansion in Nusselt number is noticed for rising values of
ay, ay, B3\ & 7, n, Re and Pr.

4. Conclusion

In this paper, third-grade fluid motion of stretching cylinder with heat source was studied, and the effects of different
parameters on temperature and velocity profiles were discussed. Following are the observations of the problem:

e Anincrease in velocity was observed as the third-grade parameter was increased.

e Reynolds number has increasing effects on the velocity profile.

e The mixed convection parameter tends to decrease the velocity profile, but it increases the temperature profile.
e Anincrease in the curvature of the cylinder leads to more velocity and temperature.

e Heat source is providing heat to the system,; that is why it increases the thermal boundary layer.

e Thermal conductivity (¢), and second-grade parameter (o, ) enhances the temperature field.

e  For higher values of «, velocity field enlarges, but the opposite trend is observed for temperature.

e Risingvalues of n and Pr decrease the temperature profile.
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