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Abstract. In this study, the two-dimensional numerical simulation on the subsurface stress field in Hertzian
contact under the pure sliding condition for different speeds and coefficients of friction is presented. The
Hertzian contacts are represented by a dry contact between a rigid flat surface and an elastic cylinder with
radius R=12.5 mm. Simulation is carried out through two steps, the first one is for applying normal load and
the second one is for applying angular speed for the cylinder. The results of subsurface stress filed for pure
sliding are compared to non-moving Hertzian contact. The results show that pure sliding speed has a major
effect on the value of maximum von Mises stress in the subsurface of contact. The effect of sliding speed is
attributed to tangential forces and elastic deformation in the contact. On the other hand, the coefficient of
friction has a primary effect on the position of maximum stress and the shift of the contact region. Indeed,
when pure sliding motion is introduced with a low value of friction coefficient, the shift of the contact region
is negligible compared to non-moving Hertzian contact. The study is extended to investigate the effect of
contact geometry on subsurface stress for Hertzian contact in the cam-follower interface. The shape of the
follower has a significant effect on the value and distribution of Hertzian stress, thus, the fatigue life of
rubbing surfaces of the cam-follower interface.
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1. Introduction

Mechanical interfaces with Hertzian contacts subjected to repeated rolling and sliding load are common in industrial
and engineering applications. The plastic deformation and subsurface stress concentration under the action of repeated
loading likely lead to fatigue failure over time. Usually, rolling and sliding concentrated contacts ( point or line contacts)
such as in rolling-elements bearings, cams, and gears, are lubricated to reduce friction, nevertheless, the stress is still
subjected to Hertzian theory [1,2,3], where the pressure can reach extremely high values in the scale of gigapascal.
Introducing the sliding motion to surfaces with Hertzian contact increases the severity of operating conditions due to
friction and tangential traction forces. In Hertzian contacts, either lubricated or dry, high stress is localized in a very
small volume of material because the contact dimensions are usually limited in the scale of 200-1000 pm [4].

Hertzian contact problem under rolling/sliding motion has been studied by many researchers. Hamilton and
Goodman [5] studied the complete stress field created by a circular sliding contact subjected to a hemispherical Hertzian
normal pressure with emphasis on the effect of friction. They revealed that the increase of friction results in moving the
region of the maximum yield stress towards the surface. Similarly, Bryant and Keer [6] investigated the surface and
subsurface stresses and displacements for elliptical rough contact between two identical curved bodies. The results show
that tangential tractions along the minor axis of the elliptical contact have a larger maximal tensile stress compared to
the tangential tractions oriented along the major axis. Chen [7] studied the deformations of two elastic bodies with
contact for anisotropic materials under indentation with and without sliding. The results show that the maximum shear
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stress is located in the vicinity of the contact area in the anisotropic indentation. A simplified micro-macro contact
model is presented by Zhou and Cheng [8] for rolling and sliding contact to calculate pressure distribution and
subsurface stress created by asperity to asperity contacts. The pressures related to asperity interaction and the subsurface
stress map have been analyzed by superimposing the asperity contacting loads on the Hertzian load. A contact model
has been developed by Chen et al [9, 10] for steady-state and transient contact heat transfer with the effect of sliding
speed and thermal softening. They demonstrated that the temperature and contact pressure increase with increasing the
sliding speed. Lee and Ning Ren [11] presented a three-dimensional numerical simulation on the subsurface stress field
for rough surfaces in sliding contact with traction. The simulation is carried out for two values of friction coefficients, i.e.,
f=0.00 and f= 0.25. In both cases, the rough surface has higher stress compared to the smooth surface. Similar results are
presented by Bailey and Sayles [12] on the effects of sliding friction on stresses in non-conformal contact of rough bodies.
They investigated high stress on the surface due to the roughness. More recently, Zhang et al [13] showed by means of
numerical simulation that the maximum von Mises stress in the substrate increases with the increase of friction
coefficient and the profile of normal pressure near the end of the contact is shifted towards the trailing edge due to
tangential effects. The tribological behavior of lubricated textured Hertzian contacts under rolling/sliding motion is
profoundly studied numerically and experimentally in [14, 15, 16].

Indeed, Hertzian contact analysis is deeply clarified in the literature under steady-state and mixed rolling/sliding
conditions [17-20]. However, relatively little work concerning the behavior of Hertzian contacts under pure sliding (one
surface is stationary) conditions has been reported. Pure sliding of mechanical assemblies with Hertzian contact is
common and it can be divided into two types: - transitional pure sliding (such as in the piston ring and cylinder liner
assembly, hydraulic Seals, Gaskets, and O-rings) - rotational pure sliding (such as in cam and flat-faced follower, some
human joints). The present paper provides a numerical simulation on the subsurface stress in Hertzian contacts under
pure sliding conditions.

2. Theoretical Background

2.1 Hertzian contact of rigid flat surface and elastic curvature

The contact of two parallel cylindrical bodies is considered as a Hertzian line contact. In this case, the half-width of
the contact (a¢) and the maximum contact pressure (Py) are given by [3] as the following:
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where W is the normal applied load per unit length, E” is the equivalent Young's modulus, E;, E; and v;, v; are Young's
moduli and Poisson's ratios for the lower and upper body in contact respectively, R is the equivalent radius of curvature,
Ri, R; are the radii of curvature of the lower and upper body in contact respectively. For the rigid flat surface, E,= and
R;=c0, The distribution of contact pressure is given as the following:

P(x)=P, [1— 1] )
a

where x is a radial coordinate measured from the center of the contact.

2.2 Subsurface stress of contact

For Hertz line contact in steady-state, the magnitude of the plane stress (xz plane) components below the surface as a
function of the maximum pressure of contacting bodies is given by [21] as the following:

P 1/2
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where { = z/ais a nondimensional parameter. Then the subsurface shear stress is given as:
Tw = ((o-x -0, )/2) ©)
The resulting equivalent von Mises stress can be written as:
O-VMiSES = \/g T (6)

where 7 is shear stress.
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Fig. 1. The mesh used for contact simulation
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Fig. 2. Coordinate system for capturing the values of subsurface stress.

3. Numerical Simulation Procedure
3.1 Finite-element analysis (FEA)

Commercial finite-element analysis package (ABAQUS/Explicit) is used to simulate the two-dimensional subsurface
stresses in the sliding contact between a rigid flat surface and a perfectly elastic cylinder under the assumption of plane
strain behavior. Effects of adhesion, stick-slip and sliding-generated heat are not taken into the account in the present
study. The interaction between surfaces is defined with the finite-sliding and surface-to-surface formulation. The
configuration of the contact is set as shown in Fig. 1. The reference point on the rigid surface has constraints for rotation
and motion in the direction of the x-axis. The radius of the cylinder is R;=12.5 mm. The displacement of a rigid surface
is set to 0=2.5 um on the z-axis in the first step of a simulation. The displacement ¢ is corresponding to the normal load
per unit length W'=343 kN/m. The cylinder is coupled to a constrained reference point in its center. Cylinder has
constraints for motion in the direction of the x-axis and z-axis. In the second step of simulation, pure sliding between the
rigid surface and cylinder is achieved by giving a constant angular speed (w) to the cylinder around its reference point
localized in the center. Hence, the linear sliding speed is calculated as Uyimier=R*w. The simulation is carried out under
different frictional pure sliding conditions for low velocities in general to avoid the effects of heat generation in the
contact. The contact is subjected to the tangential behavior of the penalty contact method. Material properties used in
simulation: Elastic modulus (E) (GPa) 210, Poisson’s ratio (v) 0.3, Yield stress (MPa) 450, Density (p) 7810 kg/m’. The
segment of the cylinder shown in Fig. 1 is meshed using a four-node plane strain element CPE4R. In order to reduce
errors, a finer mesh is used in the vicinity of the contact as shown in Fig. 1. The total number of nodes is 14637, the total
number of elements is 14435. 14150 linear quadrilateral elements are of type CPE4R, 285 linear triangular elements are
of type CPE3.

3.2 Coordinate system

Fig. 2 shows the coordinate system for capturing the values of subsurface stress. The stress is captured along the axis
of symmetry (z-z axis). z-z axis starts from the surface of the cylinder where z=0 to the value of z=2000 um.The offset
between the flat deformed surface where z=0 and x-x axis, is set at the depth where the peak value of the subsurface
stress is localized on the z-z axis. Von Mises stress on x-x is shown for distance from x=-500 um to x=+500 um. the
position of x=0 is localized in the middle of this distance.
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Fig. 4. Effect of sliding speed on von Mises subsurface stress distribution in Hertzian contact for COF=0.075, a) U,yine=0, b) Pure
sliding, Usyiinger =1.25 mm/s, c) Pure sliding, Usyiinder =2.5 mm/s, d) Pure sliding, Ueyinger =3.75 mm/s.

3.3 Verification of FE model

Table 1 shows a comparison of basic values of maximum Hertzian pressure Py, maximum shear stress .. (MPa) and
contact half-width a for FE model and classical Hertzian theory. In general, the variation is limited and there is a good
correlation between the results. The variation between theory and finite element analysis (FEA) in Table 1 depends on
the number, type, and distribution of meshing elements and the process of mesh refining. However, a reasonable
computational time is required for accepted accuracy. Also, the applied contact constraints and the method of applying
load during the steps of simulation have an effect on the accuracy of results.

Fig. 3 depicts the normalized pressure distribution (P/Pp) in the contact based on the Hertzian theory and FE model.
Again, good consistency is obtained for the pressure profile from the FE model.
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Table 1. Comparison of values for FE model and Hertzian theory.

Theory FEA Variation
Maximum Hertzian pressure Py (GPa) 1.42 1.38 2.8%
Maximum shear stress ... (MPa) 0.3Pr=426 403 5.4%
Contact half width a (um) 154 150 2.6%
Depth of maximum shear stress z (um1) 0.784=120 112 6.7%
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Fig. 5. Effect of sliding speed on subsurface stress in Hertzian contact for COF=0.075 along, a) z-z axis, b) X-x axis.

4. Results and Discussion
4.1 Effect of sliding speed

Results in Fig. 4 depict the von Mises subsurface stress contour in Hertzian contact for speeds a) Uyinger=0, b) Uginder
=1.25 mm/s, ¢) Uyiinder =2.5 mm/s, d) Usyiinger =3.75 mm/s under pure sliding conditions (rigid surface is stationary). In this
simulation, a constant coefficient of friction COF=0.075 is set for the contact interaction. It is clear from Fig. 4 that the
maximum von Mises subsurface stress tends to increase with increasing the sliding speed and the contact region shifts
towards the trailing edge in the opposite direction of sliding. This behavior is attributed to the increased effect of
tangential traction and deformations in the contact as the sliding speed increases. The subsurface stress field along the z-z
and x-x axis is shown in Fig. 5. It is clear from Fig. 5.a that the general profile of subsurface stress distribution along the
z-z axis is unchanged for all speeds. However, the peak of maximum von Mises stress along the z-z axis increases with
increasing the sliding speed and the position of the stress peak under the surface is nearly the same regardless of the pure
sliding speed. The position of von Mises stress peak along the z-z axis is located at a depth of about 112 um for all speeds,
this is attributed to very low sliding speeds applied in the simulation where the depth of von Mises stress peak is not
affected so much by changing the speed. Fig. 5.b depicts the effect of sliding speed on subsurface stress along the x-x axis
at a depth of 112 um under pure sliding for COF=0.075. It is evident from Fig. 5.b that the presence of sliding causes a
major change and asymmetry in the distribution of subsurface stresses along the x-x axis. As can be seen clearly from Fig.
5.b, the magnitude of maximum von Mises stress increases with increasing sliding speed. The region of maximum von
Mises stress is shifted in the direction of the trailing edge of Hertzian contact (the opposite direction of sliding) as the
sliding speed increases.

4.2 Effect of coefficient of friction (COF)

Numerical simulation is carried out in this section to investigate the effect of the coefficient of friction (COF) on the
subsurface stress field in Hertzian contact under pure sliding conditions. The effect of two values of friction coefficient
COF=0.01 and COF=0.15 are compared under a constant pure sliding speed Uyineer =2.5 mm/s as shown in Fig. 6. The
results are compared with the subsurface stress field for Hertzian contact when the cylinder is stationary Uyinger =0. It is
clear from Fig. 6 that increasing the coefficient of friction results in increasing the maximum von Mises stress in the
contact. Maximum stress increases from 764.9 MPa to 802.6 MPa when the friction coefficient increases from COF=0.01
to COF=0.15 for the same sliding speed ULy =2.5 mm/s. However, Fig. 6 shows that the region of maximum stress is
not shifted to the direction of sliding for the low value of COF=0.01 while the region of maximum stress is apparently
shifted in the direction of sliding for the larger value of COF=0.15. Thus, the position of maximum subsurface stress is
significantly related to the value of the friction coefficient.
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Fig. 7 shows the distribution of the subsurface stress field along the z-z and x-x axis. From Fig. 7.a, it is evident that
introducing the sliding motion leads to the increase of maximum von Mises stress along the z-z axis in the contact
compared to the non-moving Hertzian contact. Indeed, Fig. 7.a shows a marginal effect of friction coefficient on the
distribution of subsurface stress along the z-z axis and the change is limited to the value of stress peak.

Fig. 7.b shows that even when the sliding speed is introduced in the contact with a small value of friction coefficient
COF=0.01, there is a negligible effect on shifting the region of maximum stress along the x-x axis compared to non-
moving Hertzian contact. In addition, the distribution of stress along the x-x axis for the contact with COF=0.01 is
approximately symmetrical alike to non-moving contact as shown in Fig. 7.b. However, the region of maximum stress
along the x-x axis is significantly shifted to the opposite direction of sliding when sliding speed is introduced in the
contact with a large value of friction coefficient COF=0.15.

4.3 Effect of follower geometry on subsurface stress in Hertzian contact of cam-follower interface

Cam-follower interfaces are common in many industrial and engineering applications. Fig. 8 shows a schematic
representation of Hertzian contact in a cam-follower interface based on the geometry of follower, where a double-dwell
cam is in contact with a) flat-faced follower b) spherical-faced follower. Dwell is the angle through which the cam turns
while the follower remains stationary at the highest or the lowest point of the lift. Thus, pure sliding motion is
pronounced in the Hertzian contact between the cam and follower during the stroke of dwell. In Fig. 8, Dwell 1
represents the pure sliding over the base circle of the cam profile, while Dwell 2 represents the pure sliding over the peak
lift region of the cam profile. Usually, the region of peak lift of the cam profile is highly stressed due to the compression
of the retaining spring. In the numerical simulation, it is assumed that the follower is rigid and non-rotating. Hertzian
contact between the cam and flat-faced follower is represented by a deformable convex surface (radius=12.5 mm) and a
rigid flat surface (radius=x). In the case of spherical-faced follower, Hertzian contact is represented by a deformable
convex surface (radius=12.5 mm) and a rigid convex surface (radius=25 mm). The material of the deformable segment
of the cam is considered as steel (E=210 GPa, v =0.3). The applied load on cam results from the inertia and spring
forces, however, the calculations are carried out for a constant load per unit length of 400kN/m at the maximum lift
position in case a) and b). The speed of the cam surface at the maximum lift is set to U= 7.5 mm/s and the coefficient
of friction is set to COF=0.1.

Fig. 9 shows the results of numerical simulation for the effect of of follower geometry on subsurface stress, a) on z-z axis
at Uu,n=0, b) on z-z axis at U,»=7.5 mm/s, c) on x-x axis at U.»=0, b) on x-x axis at U.,=7.5 mm/s. Fig. 9.a and Fig. 9.b
show that for U.,=0and U,.,=7.5 mm/s, the spherical-faced follower has a larger peak of von Mises stress on the z-z axis
compared to flat-faced follower under the same loading. Similar results are depicted in Fig. 9.c and Fig. 9.d for the von
Mises stress on the x-x axis.

The maximum von Mises stress for flat-faced follower at U,,=0is 760 MPa corresponding to a displacement of the cam
surface of 2.87 um and contact half-width a=166 um, while the maximum von Mises stress for spherical-faced follower at
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Uian=0 1s 908 MPa corresponding to a deformation of the cam surface of 2.98 um and contact half-width a=136 um.
Indeed, the curved surface of spherical-faced follower leads to the larger value of von Mises stress peak on z-z and x-x
axes and larger deformation of the cam surface at U,»=0. At sliding speed U.m=7.5 mm/s, the maximum von Mises
stress for the flat-faced follower is increased to 881 MPa and for the spherical-faced follower is increased to 979 MPa. As a
result, the cam and follower contact are subjected to more severe fatigue conditions when the spherical-faced follower is
used. Nevertheless, many researchers [22, 23] ensured that the spherical-faced follower shows an enhanced performance
and wear resistance compared to the flat-faced follower. This is attributed to improved lubrication conditions in the
contact of the cam and spherical-faced follower. The lubricant film thickness is enhanced at the maximum lift position of
the cam as the follower radius of curvature is decreased [23, 24]. The tribological design of the cam-follower interface
based on film thickness analysis is the key to reducing wear and friction losses [25, 26, 27]. Therefore, the value of
maximum Hertzian stress is an important parameter for designers, however, the successful design of the cam and
follower interfaces is related to many various parameters such as the lubricant film thickness.

5. Conclusion

In this study, numerical results on the subsurface stress field in Hertzian contacts under pure sliding conditions with
consideration of the effect of sliding speed and coefficient of friction were presented. It was demonstrated from the
results that low pure sliding velocities substantially change the magnitude and distribution of subsurface stresses due to
the emergence of intense traction force in a pure sliding motion. In general, pure sliding causes the maximum von Mises
stress to migrate towards the surface and this effect increases with increasing the coefficient of friction in contact. The
coefficient of friction has a reduced effect on the value of subsurface stress along z-z axis compared to the effect of
sliding speed. On the other hand, the coefficient of friction has a larger effect on shifting the region of maximum
subsurface stress compared to the effect of sliding speed. On the basis of the maximum subsurface stress in the Hertzian
contact of the cam-follower interface, the spherical-faced follower was subjected to more severe fatigue loading
conditions compared to flat-faced follower. However, a comprehensive analysis of lubrication conditions as well as
Hertzian stress is required for the successful design of concentrated contacts such as the cam-follower interface.
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