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Abstract. The purpose of this study is to present simulation and numerical solutions to the unsteady flow and heat transfer near 
stagnation point over a stretching/shrinking sheet in porous medium filled with a hybrid nanofluid. Water (base fluid), 
nanoparticles of titania and copper were considered as a hybrid nanofluid. It is worth mentioning that evaluating the heat 
transfer enhancement due to the use of hybrid nanofluids has recently become the center of interest for many researchers. The 
coupled non-linear boundary-layer equations governing the flow and heat transfer are derived and reduced to a set of coupled 
non-dimensional equations using the appropriate transformations and then solved numerically as a nonlinear boundary value 
problem by bvp4c scheme from MATLAB. To validate the modeling of hybrid nanofluid and also numerical procedure, the value of 
the skin friction and the heat transfer rate for the limited cases of pure water, titania/water and copper/water is obtained and 
compared with previously reported results that demonstrate an excellent agreement. In the present investigation, the thermal 
characteristics of hybrid nanofluid are found to be higher in comparison to the base fluid and fluid containing single 
nanoparticles, respectively. It can be concluded that both skin friction coefficient and local Nusselt number enhance almost 
linearly with increasing the copper nanoparticle volume fraction (as second nanoparticle). Besides, the porosity and the magnetic 
effect amplify heat transfer rate, while the unsteadiness parameter has a reducing effect on heat transfer rate in problem 
conditions. 

Keywords: Porous media; Magnetic; Hybrid nanofluid; Two-dimensional stagnation point; Analytic model of hybridity. 

1. Introduction 

The cooling of electronic devices is one of major industrial requirement nowadays [1,2], but the low thermal conductivity rate 
of ordinary base fluids including water, ethylene glycol, and oil is a big limitation. To overcome such restrictions, the nanoscale 
solid particles are submerged into host fluids, which change the thermophysical characteristics of these fluids and enhance the 
heat transfer rate dramatically [3–9]. The recent developments in nanofluids and their mathematical modeling play a vital role in 
industrial and nanotechnology [10]. 

The nanofluids are used in applications such as cooling of electronics, heat exchangers, nuclear reactor safety, hyperthermia, 
biomedicine, engine cooling, vehicle thermal management, and many others [11–17]. Further, the magneto nanofluids are useful 
in the manufacturing processes of industries and biomedicine applications [18–22]. Examples include gastric medications, 
biomaterials for wound treatment, sterilized devices, etc. The magneto nanoparticles can be employed in the elimination of 
tumors with hyperthermia, targeted drug release, and magnetic resonance imaging. 

Different mathematical models have been employed by several authors to describe heat transfer in nanofluids. Among all, 
the most used ones are those where the concentration of the nanoparticles is constant and the addition of the nanoparticles into 
the base fluid improved their physical properties [23–26]. Moreover, there are other models that are based on the variation of the 
physical properties, including thermal dispersion [27] or Brownian motion [28]. A more complex mathematical nanofluid model 
has been developed by Buongiorno [29] to explore the thermal properties of base fluids. Here, the Brownian motion and 
thermophoresis are two dominant particle transfer mechanisms in nanofluids. The Brownian motion force tends to uniform 
nanoparticles in the fluid. The thermophoresis force originates from the temperature gradient in the base fluid. When the size of 
a particle is very fine (on the order of nanometers), the particle receives more momentum impacts from the fluid molecules on 
the hot side than that on the cold side; hence, the particle tends to move in a direction opposite to the temperature gradient (the 
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particle moves from hot to cold). Therefore, there are mass transfer mechanisms in nanofluids because of the Brownian motion 
and thermophoresis forces. The migrated nanoparticles carry energy and transfer it to the surrounding medium. After that, the 
researchers investigated the flow of nanofluid under different conditions and different types of nanoparticles. Recently, Celli [30] 
used Buongiorno’s model in combination with a non-homogeneous model to study the free convection flow in a side-heated 
square cavity filled with a nanofluid. The thermophysical properties of the nanofluid are assumed to be functions of the average 
volume fraction of nanoparticles dispersed inside the cavity. In 2014, Sheikholeslami et al. [31] have analyzed MHD natural 
convection of Cu–water nanofluid in a square cavity heated from below and cooled from the side walls. It has been found that the 
heat transfer rate is an increasing function of heat source length, nanoparticle volume fraction, and Rayleigh number, and a 
decreasing function of Hartmann number. 

In 2015, Mehrez et al. [32] have studied MHD mixed convection flow of Cu–water nanofluid in an open cavity with an 
isothermal horizontal wall. The authors have shown that an increase in the Hartmann number leads to an attenuation of the 
recirculation inside the cavity for horizontal and inclined magnetic fields. Also, an inclusion of the nanoparticles leads to an 
increase in the heat transfer rate and the enhancement rate of heat transfer is higher than the increase rate of entropy 
generation. A numerical study has been presented by Elshehabey and Ahmed [33] (2015) to investigate the MHD mixed 
convection of a lid-driven cavity permeated by an inclined uniform magnetic field and filled with nanofluid, using Buongiorno’s 
(2006) nanofluid model. A sinusoidal temperature and nanoparticle volume fraction distributions on both vertical sides is 
considered, while the horizontal walls are kept adiabatic. In 2018 Aghamajidi et al. [34] investigated the natural-convective flow 
of an electrically conducting nanofluid adjacent to a spinning down-pointing vertical cone in the presence of transverse magnetic 
field. Dinarvand et al. [35] have studied the steady axisymmetric mixed convective stagnation-point flow of an incompressible 
electrically conducting nanofluid over a vertical permeable circular cylinder in the presence of transverse magnetic field. In 
another study, Dinarvand et al. [36] have studied Tiwari-Das nanofluid scheme to investigate the laminar free-convective flow 
and heat transfer of an electrically conducting nanofluid in the presence of a transverse magnetic field over a rotating down-
pointing vertical cone. Tamim et al. [37] have studied a similarity solution for a steady laminar mixed convection boundary layer 
flow of a nanofluid near the stagnation point on a vertical permeable plate with a magnetic field and a buoyancy force is obtained 
by solving a system of nonlinear ordinary differential equations. 

Many modern industries deal with heat transfer in some or another way and thus have a strong need for improved heat 
transfer mediums. This could possibly be nanofluids, because of some potential benefits over normal fluids, large surface area 
provided by nanoparticles for heat exchange, reduced pumping power due to enhanced heat transfer, minimal clogging, and 
innovation of miniaturized systems leading to savings of energy and cost. The prediction of heat transfer from irregular surfaces 
is a topic of fundamental importance for some heat transfer devices (See Misirlioglu et al. [38] , 2005), such as flat plate solar 
collectors, flat plate condensers in refrigerators, double-wall thermal insulation, underground cable systems, electric machinery, 
cooling systems of micro-electronic devices, natural circulation in the atmosphere, the molten core of the Earth, etc. In addition, 
roughened surfaces could be used in the cooling of electrical and nuclear components where the wall heat flux is known. 
Surfaces are sometimes intentionally roughened to enhance heat transfer, and hence an understanding of natural convection of 
nanofluids in a porous cavity with wavy walls attains importance. Therefore, the principal aim of the present section is to 
present a numerical analysis of the natural convection flow in a porous cavity with a wavy bottom and top walls having 
sinusoidal temperature distributions on vertical walls filled with a nanofluid. 

Most of the conducted studies focused on the single type nanoparticle (metallic, metallic oxide or non-metallic) nanofluids. 
The characteristics of this type of nanofluid are well defined and explored. The advancement in nanomaterial has enabled the 
production of hybrid nanoparticles (nanocomposites) and recently, there are many researchers investigating on the characteristic 
of hybrid nanofluids. While each nanofluid generally contains one nanomaterial, hybrid nanofluids contain two dissimilar 
nanoparticles dispersed in a single component base fluid or a mixture of base fluids [39–41]. It seems that hybrid nanofluids have 
gained significant attention among the thermal researchers. Hybrid nanofluids can be prepared via two methods: (a) suspending 
two or more types of nanoparticles into base fluid, (b) suspending composites nanoparticles into base fluid. The objective of 
inclusion of hybrid nanoparticles in base fluid is to improve heat transfer characteristics of base fluid via combination of 
nanomaterials’ efficient thermo-physical properties [17,42]. 

In recognition of the benefits of hybrid nanofluids, thermal scientists and researchers have begun to study their synthesis 
and thermal conductivity characteristics. Abbasi et al. [43] have studied the influence of a functionalization approach on the 
stability and thermal conductivity of carbon nanotubes (CNTs)/gamma alumina (γ-Al2O3) based nanofluids. In their study, they 
used a solvothermal process to synthesize hybrid nanoparticles and found that the thermal conductivity of the nanofluids 
seemed to depend on its stability. They concluded that thermal conductivity enhancement up to 14.75% can be achieved at a 
particle volume fraction of 0.01 for nanofluids with added gum arabic (GA) surfactant. In another comprehensive study of hybrid 
nanofluids, Esfe et al. [44] added silver (Ag) and magnesium oxide (MgO) (50% each by volume) nanoparticles to water and then 
evaluate the thermal conductivity of the Ag-MgO/water hybrid nanofluid. They used cetyl trimethyl ammonium bromide as 
surfactant. The authors proposed a new thermal conductivity correlation for the Ag-MgO/water hybrid nanofluid at particle 
volume fraction ranges between 0 and 2%. They reported good agreement between data predicted by the thermal conductivity 
correlation and experimental values. Esfe et al. [45] also studied the thermal conductivity of copper/titanium dioxide (Cu/TiO2)-
water/ethylene glycol hybrid nanofluids. They added Cu and TiO2 nanoparticles to a base fluid and dispersed the nanoparticles 
via a magnetic stirrer and ultrasonic processor. They then examined the thermal conductivity of the hybrid nanofluid at various 
particle concentrations (0–2%) and temperatures (30–60 °C). Based on their findings, they developed two new thermal 
conductivity models using artificial neural network and correlation modeling. The study indicated that both the artificial neural 
network model and correlation model were able to predict the thermal conductivity of the nanofluid. However, they concluded 
that the accuracy of the artificial neural network model was higher than that of the correlation model.  

In this article, we intend to investigate the unsteady hybrid nanofluid flow and heat transfer near the stagnation point over a 
stretching/shrinking sheet in porous medium filled with a hybrid nanofluid. Hybrid nanofluid is considered by suspending two 
different nanoparticles (TiO2 and Cu) in pure water. Based on the similarity transformation, the governing equations with 
boundary conditions are transformed into a boundary value problem of ordinary differential equations and the Matlab bvp4c ODE 
solver is effective to solve them. We obtained that the skin friction coefficient and the local Nusselt number increase as both of 
nanoparticle volume fractions increase. Also the local Nusselt number for three cases of base fluid, nanofluid and hybrid 
nanofluid has been compared that the highest heat transfer rate is achieved by hybrid nanofluid with highest volume fractions. 
Moreover, the obtained results depict the impact of various dimensionless parameters such as the permeability parameter (), 
the unsteadiness parameter (ξ), the ratio of stretching/shrinking parameter (), the magnetic parameter (M ) on velocity, the 
temperature. 
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Fig. 1. The schematic of the problem and coordinate system. 

2. Hybrid nanofluid flow in porous medium: problem description and mathematical formulation  

Consider the two-dimensional laminar stagnation point flow of an electrically conducting Newtonian hybrid nanofluid over a 
stretching/shrinking sheet in a porous medium as shown in Fig. 1. Cartesian coordinates x and y are taken with the origin O at 
the stagnation point, and are defined such that the x-axis is measured along the stretching/shrinking sheet and the y-axis is 
measured normal to it.  
It is assumed that the velocity of the inviscid flow is given by u = ax / (1-ct ) and the sheet is stretched with velocity uw = bx / (1-ct ) 
where a is the strength of the stagnation flow, b is the rate of stretching/shrinking velocity, with b > 0 for stretching case and b < 0 
for shrinking case and c is a constant. Let the surface temperature Tw be proportional to the distance from the stagnation point, 
i.e., Tw(x ) =T+T0x, where T0 is the characteristic temperature of the hybrid nanofluid. It is assumed that the base fluid (i.e. water) 
and the nanoparticles are in thermal equilibrium and no slip occurs between them. An important point to note about thermal 
equilibrium assumption is that, two physical parts (the base fluid and the nanoparticles) are in thermal equilibrium if there is no 
net flux of thermal energy between them. Besides, when one tells no-slip condition between the base fluid and the nanoparticles, 
it means that there are no mechanisms that can produce a relative velocity between the nanoparticles and the base fluid. 
However, this is an assumption for the one-phase model of nanofluid. The basic steady conservation of mass, momentum and 
energy equations for a nanofluid under a vertical magnetic field through porous media are [47,48] 
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where, u and v are the velocity components along the x-axes and y-axes, respectively, B0 is the uniform magnetic field and  is 
the electrical conductivity, hnf is the kinematic viscosity of the hybrid nanofluid, ρhnf is the density of the hybrid nanofluid and hnf 
is the thermal diffusivity of the hybrid nanofluid, which are given by (see Oztop and Abu-Nada [49]). 
In Table 1, 1φ  is the solid volume fraction of nanoparticle of Titania (TiO2) and 2φ  is the solid volume fraction of the nanoparticle 

of Copper (Cu), fρ  is the density of the base fluid and sρ  is the density of the solid particle. It is worth mentioning that the 

viscosity of the hybrid nanofluid hnfµ  can be approximated as viscosity of a base fluid fµ  containing dilute suspension of fine 

spherical particles and its expression has been given by Brinkman [50]. In order to obtain the similarity solutions of Eqs.(1)–(3) 
with the boundary conditions (4) and (5), we introduce the following similarity [24,47,54]: 
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where, ψ  is the stream function defined as /u yψ= ∂ ∂  and / ,v xψ=−∂ ∂  which identically satisfy Eq. (1). Using the non-

dimensional variables in (6), Eqs. (2) and (3) reduce to the following ordinary differential equations: 
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Table 1. Thermophysical properties of TiO2/water and TiO2-Cu/water. 

Type Property The proposed relation  

Nanofluid [23,49–52] 
(TiO2/water) 

Viscosity ( )nfµ  2.5
1(1 )

fµ

φ−
 

 Density ( )nfρ  1 1 1(1 ) sfφ ρ φ ρ− +  
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where  is the permeability parameter of the media, ξ = c /a is unsteadiness parameter, with ξ > 0 for accelerating flow, ξ < 0 for 

decelerating flow and ξ = 0 for steady state flow. Pr = f / f is the Prandtl number of the base fluid and primes denote 
differentiation with respect to . The boundary conditions (4) become 

( ) ( ) ( ) ( ) ( )0 0, 0 / , 0 1, 1, 0 asf f b a fε θ η θ η η′ ′= = = = → → →∞  (9) 

The velocity ratio parameter ε  is defined as the ratio of stretching rate of the sheet and strength of the free stream. ε > 0, ε < 0 
and ε = 1 correspond to stretching, shrinking sheets and the flow with no boundary layer (uw = u), respectively, while ε = 0 is the 
planar stagnation flow towards a stationary sheet. The skin friction coefficient Cf and the local Nusselt number Nux are the 
physical quantities of interest which are defined as 
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where wτ  is the surface shear stress and qw is the surface heat flux which are given by 
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Substituting (6) into Eqs. (10) and (11), we obtain 
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where x fu x ν∞=Re  is the local Reynolds number. 

 
3. Validation of numerical procedure, results and discussion 

The system of nonlinear ordinary differential equations (7) and (8) with the boundary conditions (9) are solved numerically 
using the bvp4c scheme from MATLAB and the results are reported for some values of the permeability parameter (), the 
unsteadiness parameter (ξ), the ratio of stretching/shrinking parameter ( ), the magnetic parameter (M ) on the velocity, the 
temperature, the skin friction parameter and the local Nusselt number. Moreover, the effect of solid volume fraction of copper 
( 2φ ) on the skin friction parameter and the local Nusselt number is investigated. Solutions to the given problem are presented in 

the graphical and tabular forms.   
In Table 2, we can see the physical properties of the base fluid and the nanoparticles at 25C. Moreover, in the present study, it is 
assumed that the nanoparticles are in thermal equilibrium and no slip occurs between them. In order to verify the accuracy of 
the numerical results, the validity of the developed numerical code has been checked for limiting cases as follows. In the first 
case, we consider steady-state flow of a regular fluid ( 1 2 0φ φ= = ) through nonporous medium ( = 0) and in the absence of 

magnetic field (M = 0). Then we compare our results with those given by Suali et al. [55], Wang [56] and Khalili et al. [54] for 
different values of velocity ratio  (Table 3). In the next step, we compare our results with those given by Bachok et al. [57] and 
Khalili et al. [54] for some values of ξ, the different nanoparticles and constant wall temperature, when  =  = M = 0 (Table 4). The 
comparisons are found to be in excellent agreement, and thus give confidence that numerical results obtained are accurate. 
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Table 2. Thermophysical properties of the base fluid and the nanoparticles (See[58,59]). 

Physical properties Base fluid (water) TiO2 Cu 

 Cp ( )/J kg K  4179 686.2 385 

ρ ( )3/kg m  997.1 4250 8933 

k ( )/W m K  0.613 8.954 400 

( )7 210 m sα×
 

1.47 30.7 1163.1 

Nanoparticles size(nm)
 

-- 50 20 

Table 3. The variation of (0)f ′′  with some values of , for the steady state flow of a regular fluid 1 2( 0)φ φ= = , when ξ =  = M = 0 and Pr=6.2. 

ε  Wang[56] Suali et al.[55] Khalili et al.[54] Present study 
3 - -4.276545 -4.276541 -4.276541 

0.2 1.05113 1.051130 1.051130 1.051130 
0.1 1.14656 1.146561 1.146561 1.146561 
-0.1 1.30860 1.308602 1.308602 1.308602 
-1

 
1.32882 1.328817 1.328817 1.328817 

-1.15
 

1.08223 1.082232 1.082231 1.082231 

Table 4. The variation of (0)f ′′  and (0)θ ′−  with some values of ξ, for the steady state flow of titania/water 1 2( 0.1, 0)φ φ= =  and copper-water 

1 2( 0, 0.1)φ φ= =  on stationary sheet with constant wall temperature, when  =  = M = 0. 

ξ  Bachok et al. [57] Khalili et al. [54] Present study 
  Cu TiO2 Cu TiO2 Cu TiO2 

1 (0)f ′′  1.7604 1.5128 1.760398 1.512796 1.760399 1.512799 

 (0)θ ′−  0.4681 0.4076 0.468134 0.407566 0.468238 0.407425 

-1 (0)f ′′  1.0845 0.9320 1.084530 0.931990 1.084530 0.931990 

 (0)θ ′−  1.4957 1.4910 1.495740 1.490996 1.495421 1.490697 

-2
 

(0)f ′′  0.6499 0.5585 0.649877 0.558471 0.649878 0.558492 

 (0)θ ′−  1.8532 1.8651 1.853218 1.865106 1.853308 1.865036 

-3
 

(0)f ′′  0.1045 0.0898 - - 0.104471 0.089775 

 (0)θ ′−  2.1550 2.1801 - - 2.226761 2.238459 

-4
 

(0)f ′′  -0.6757 -0.5806 - - -0.675674 -0.580642 

 (0)θ ′−  2.4089 2.4461 - - 2.398322 2.427920 

Table 5. The skin friction coefficient and local Nusselt number for different values of titania volume fraction 1( )φ  and copper volume fraction 2( )φ  

on stationary sheet with constant wall temperature, when  = 0.2, ξ =  = M = 1 and Pr=6.2. 

1φ  2φ  
1/2

2.5 2.5
1 2

1
(Re ) (0)

(1 ) (1 )x fC f
φ φ

′′=
− −

  
1/2(Re ) (0)hnf

x x

f

k
Nu

k
θ− ′=−   

0 0 1.69816  1.71374  
0.05 0 1.9046  1.82809  
0.1 0 2.14995  1.94679  
0 0.05 2.01145  1.88594  
0 0.1 2.36227  2.06198  

0.05 0.05 2.24546  2.01157  
0.1 0.05 2.51163  2.13751  
0.1 0.1 2.90971  2.32972  

3.1. Velocity and temperature analysis of titania-copper/water hybrid nanofluid flow 

In this section, the results are shown and compared with both regular Newtonian fluid (water) and single-particle nanofluid 
(TiO2/water) cases to study the boundary layers behavior of the two-dimensional stagnation point flow of TiO2-Cu/water hybrid 
nanofluid. For the present investigation, we assume that the value of Prandtl number Pr is equal with 6.2 (for water). In addition, 
the value of the cumulative nanoparticle volume fraction fc in considered to vary from 0 (regular Newtonian fluid, when 

1 2 0φ φ= = ) to 0.1 (hybrid nanofluid, when 1 20.1, 0.1φ φ= = ) as pointed out by Oztop and Abu-Nada for single-particle nanofluid 

[49]. Fig. 2 depicts the dimensionless velocity and temperature profiles for regular fluid ( 1 2 0φ φ= = ), nanofluid ( 1 20.1, 0φ φ= = ) 

and hybrid nanofluid ( 1 20.1, 0.1φ φ= = ). From Fig. 2, it is observed that the highest value of ( )f η′  is related to hybrid nanofluid 

and the lowest one belongs to regular fluid. The comparison of dimensionless velocity and temperature profiles for nanofluid 
( 1 20.1, 0φ φ= = ) and hybrid nanofluids ( 1 20.1, 0.05, 0.1φ φ= = ) is illustrated in Fig. 3. We can obviously see that hybrid nanofluid 

with greater nanoparticle volume fraction of Copper ( 2φ ) has highest velocity profiles in comparison to others. The 

dimensionless velocity and temperature profiles for hybrid nanofluid with various values of the velocity ratio parameter ( ) is 
shown in Fig. 4. The lowest temperature occurs when the velocity ratio parameter ( ) is highest and the highest one is related to  

= -0.5. This is due to the hybridity boosts the temperature distribution in the boundary layer. Fig. 5 determines the effect of 
magnetic parameter on dimensionless velocity and temperature profiles, for fixed values of nanoparticle volume fractions 

( 1 20.1, 0.1φ φ= = ). A drag-like force that called Lorentz force is created by the infliction of the vertical magnetic field to the 

electrically conducting fluid. This force has the tendency to slow down the flow over the surface. According to this explanation, 
the hydrodynamic boundary layer thickness gets depressed and also the temperature distribution decreases slightly with the 
increase in the magnetic parameter. 

Fig. 6 illustrates the influence of the unsteadiness parameter (ξ) on dimensionless velocity and temperature profiles for hybrid 
nanofluid ( 1 20.1, 0.1φ φ= = ). This figure is plotted for steady state case (ξ = 0) and accelerating flow (ξ > 0). It is clearly observable 

that the highest unsteadiness parameter (ξ) has greater velocity profile. 
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Fig. 2. Dimensionless velocity and temperature profiles for the 
regular fluid, the nanofluid and the hybrid nanofluid, when  = 0.2, 

ξ = 1,  = M = 0 and Pr=6.2. 

Fig. 3. Dimensionless velocity and temperature profiles for the 

various values of 2φ , when  = 0.2, ξ = 1,  = M = 0, 1 0.1φ =  and 

Pr=6.2. 

  

Fig. 4. Dimensionless velocity and temperature profiles for the 

various values of , when ξ = 1,  = M = 0, 1 2 0.1φ φ= = and Pr=6.2. 

Fig. 5. Dimensionless velocity and temperature profiles for the 

various values of M, when  = 0.2, ξ = 1,  = 0, 1 2 0.1φ φ= = and 

Pr=6.2. 

 

Fig. 6. Dimensionless velocity and temperature profiles for the various values of ξ, when  = 0.2,  = M = 0, 1 2 0.1φ φ= = and Pr=6.2. 

3.2. Effect of emerging parameters on skin friction and heat transfer 

In Fig. 7, the dimensionless skin friction coefficients Rex
1/2

 Cfx and the local Nusselt number Rex
-1/2

 Nux versus copper 
nanoparticle volume fraction ( 2φ ) has been plotted for a fixed value of titania nanoparticle volume fraction ( 1 0.1φ = ) and various 

values of magnetic parameter (M ). It can be seen that both skin friction coefficient and local Nusselt number enhance almost 
linearly with increasing the copper nanoparticle volume fraction ( 2φ ) for all magnetic parameter values. From this figure, the skin 

friction coefficient Rex
1/2

 Cfx and the local Nusselt number enhance by increasing values of magnetic parameter (M ). Fig. 8 shows 
the dimensionless skin friction coefficient Rex

1/2
 Cfx and the local Nusselt number Rex

-1/2
 Nux versus copper nanoparticle volume 

fraction ( 2φ ) for a fixed value of titania nanoparticle volume fraction ( 1 0.1φ = ) and various values of permeability parameter (). It 

is observed that both skin friction coefficient and local Nusselt number increase almost linearly with increasing                                 
e 
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Fig. 7. The effect of magnetic parameter M on the dimensionless 
skin friction coefficient Rex

1/2 Cfx and the local Nusselt number  

Rex
-1/2 Nux versus copper nanoparticle volume fraction 2φ , when 

1φ = 0.1, ξ = 1,  = 0.2,  = 0 and Pr = 6.2. 

Fig. 8. The effect of permeability parameter  on the dimensionless 
skin friction coefficient Rex

1/2 Cfx and the local Nusselt number  

Rex
-1/2 Nux versus copper nanoparticle volume fraction 2φ , when 

1φ = 0.1, ξ = 1,  = 0.2, M = 0 and Pr = 6.2. 

  

Fig. 9. The effect of unsteadiness parameter ξ on the 
dimensionless skin friction coefficient Rex

1/2 Cfx and the local 
Nusselt number Rex

-1/2 Nux versus copper nanoparticle volume 

fraction 2φ , when 1φ = 0.1,  = 0.2,  = M = 0 and Pr = 6.2. 

Fig. 10. The effect of velocity ratio parameter  on the 
dimensionless skin friction coefficient Rex

1/2 Cfx and the local 
Nusselt number Rex

-1/2 Nux versus copper nanoparticle volume 

fraction 2φ , when 1φ = 0.1, ξ = 1,  = M = 0 and Pr = 6.2 and variation 

values of  = 0.2. 

 

Fig. 11. The local Nusselt number Rex
-1/2 Nux for various cases of regular fluid, nanofluid and hybrid nanofluid according to the enclosed 

list, when ξ =  = M = 1,  = 0.2 and Pr = 6.2. 

the copper nanoparticle volume fraction ( 2φ ) for all permeability parameter () values. From this figure, the skin friction 

coefficient Rex
1/2

 Cfx and the local Nusselt number enhance by increasing values of permeability parameter. In Fig. 9, the 
dimensionless skin friction coefficient Rex

1/2
 Cfx and the local Nusselt number Rex

-1/2
 Nux versus copper nanoparticle volume 

fraction ( 2φ ) have been plotted for a fixed value of titania nanoparticle volume fraction ( 1 0.1φ = ) and various values of 

unsteadiness parameter (ξ). It can be observed clearly that both skin friction coefficient and local Nusselt number increase almost 
linearly as the copper nanoparticle volume fraction ( 2φ ) increases. This figure, shows clearly that the skin friction coefficient 
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Rex
1/2

 Cfx grows by increasing values of unsteadiness parameter (ξ), while, the local Nusselt number decrease by increasing values 
of unsteadiness parameter (ξ). The dimensionless skin friction coefficient Rex

1/2
 Cfx and the local Nusselt number Rex

-1/2
 Nux versus 

copper nanoparticle volume fraction ( 2φ ) is depicted in Fig. 10. This figure has been plotted for a fixed value of titania nanoparticle 

volume fraction ( 1 0.1φ = ) and various values of velocity ratio parameter (). These results clarify that both skin friction 

coefficient and local Nusselt number enhance almost linearly with increasing the copper nanoparticle volume fraction ( 2φ ) for all 

velocity ratio parameter values. This figure, shows obviously that the skin friction coefficient Rex
1/2

 Cfx enhance by decreasing 
values of velocity ratio parameter (), while, the local Nusselt number decrease by increasing values of unsteadiness parameter 
(ξ). Fig. 11 compares the local Nusselt number for eight cases and three types of fluids (regular fluid, nanofluid and hybrid 
nanofluid). It is observed that the local Nusselt number of hybrid nanofluid is greater than the regular fluid and single 
nanoparticle nanofluid. In fact, the local heat transfer rate boosts with enhancing first and second nanoparticle masses for all 
cases. As we know, when the mass of the nanoparticles enhances, the effective thermal conductivity increases and affects the 
heat transfer rate of the working fluid. Therefore, we can clearly see that employing hybrid nanofluid enhance the heat transfer 
rate and is more effective than single nanoparticle nanofluid. Table 5 illustrates some values of skin friction coefficient and local 
Nusselt number in the steady state flow for different values of titania volume fraction and copper volume fraction on stationary 
sheet with constant wall temperature. It is obviously can determine that increasing the volume fraction of both nanoparticles 
increases the skin friction coefficient and the local Nusselt number and the greatest values of them are for hybrid nanofluid.   

4. Conclusion 

In this article, the unsteady flow and heat transfer near stagnation point over a stretching/shrinking sheet in porous medium 
filled with a hybrid nanofluid has been investigated. Hybrid nanofluid is considered by suspending two different nanoparticles 
(TiO2 and Cu) in pure water. Based on the similarity transformation, the governing equations with the relevant boundary 

conditions are transformed into a boundary value problem of ordinary differential equations. Matlab 4bvp c  ODE solver was 

effective to solve the system of ODE. Moreover, the obtained results depict the impact of various dimensionless parameters such 
as the permeability parameter (), the unsteadiness parameter (ξ), the ratio of stretching/shrinking parameter (), the magnetic 
parameter (M) on the velocity, the temperature, the skin friction coefficient and the local Nusselt number. Main findings are 
listed below: 

 Our computation demonstrates that skin friction coefficient and the local Nusselt number increase as copper volume fraction 
( 2φ ) increases. 

 The highest skin friction and heat transfer rate are achieved for hybrid nanofluid (TiO2-Cu/water). 

 Hybridity boost the heat transfer enhancement. 

 Hybrid nanofluid is more efficient compared to nanofluid. 

 Increasing the magnetic parameter, improves the heat transfer and the skin friction. 
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Nomenclature 

T0 the strength of the stagnation flow Greek symbols 
b the rate of stretching/shrinking velocity  thermal diffusivity [m2/s] 
c constant  nanoparticle volume fraction  
B0 uniform magnetic field [N]  similarity variable 
 electrical conductivity [S/m]  () dimensionless temperature 
Cf skin friction coefficient a µ dynamic viscosity [Kg/ms] 
Cp specific heat capacity [J/Kg.K]  kinematic viscosity [m2/s] 
g acceleration due to gravity [m/s2] ρ fluid density [Kg/m3]  
k thermal conductivity [W/mK] τw wall shear stress [Kg/ ms2] 

Nux local Nusselt number Subscripts 
Rex local Reynolds number w condition at the surface of the plate 
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Pr Prandtl number  ambient condition 
qw surface heat flux [W/m2] f fluid 
T fluid temperature [K] nf nanofluid 
Tw surface temperature [K] hnf hybrid nanofluid 
T ambient temperature [K] 1 titania nanoparticle 
u, v velocity components [m/s] 2 copper nanoparticle 
x, y Cartesian coordinates [m] s1 first nanoparticle (TiO2) 
f() the first component of velocity profile s2 second nanoparticle (Cu) 
g() the second component of velocity profile ' differentiation with respect to  
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