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Abstract. This article demonstrates a new approach for nonlinear finite element analysis. The methodology is very 
suitable and gives very accurate results in linear as well as in nonlinear range of the material behavior. Proposed 
methodology can be regarded as stress based finite element analysis as it is required to define the stress distribution 
within the structural body with structural idealization and modelling assumptions. The methodology eliminates the 
lengthy and tedious procedure of step by step and then iterative procedure adopted classically for nonlinear analysis 
problems. One dimensional problem of a simple bar loaded axially is solved to formulate the basic principles. Two 
dimensional problem of a cantilever beam bending and a torsional problem are solved for further demonstrating 
and strengthening the method. Results of torsional problem are verified with experimental results. The method is 
applicable for material nonlinear analysis only. 

Keywords: Computational procedures, Non-linear analysis, material nonlinear analysis, Finite element method. 

1. Introduction 

Current state of art for nonlinear analysis procedure is basically displacement based. Displacement based finite element 
analysis approach is capable of solving the linear problems only with it’s basic development [1]. The development of 
displacement based finite element analysis starts with the assumptions of shape functions which are in fact assumed 
displacement of the structural problem prior to finding its solution. These displacements are interpolated with the geometry of 
the structure and are very well known as isoparametric finite element formulation. This is suitable and appropriate 
formulation/approach which is capable of solving a linear analysis problem only by using a part of the material behaviour i.e. 
elastic modulus. With this displacement approach, soling a nonlinear problem is impossible because firstly displacements in 
nonlinear range of the material behavior cannot be interpolated by initial geometry and secondly, in nonlinear range material 
property (elastic modulus) changes [1-3].  

In this article, a new methodology is proposed which accommodate nonlinear material behavior and eliminate all 
possibilities of incurring error in the analysis. This approach can be regarded as stress based finite element analysis as it is 
required to know/define stress distribution is the structure depending upon the boundary and loading conditions by structural 
idealization and modeling assumptions. In order to formulate the problem and to demonstrate the basic analysis approach, one 
dimensional problem of a simple bar in compression is solved. In order to further extend the approach, two dimensional 
problems of beam bending and torsion in a circular shaft is solved.  

It is worthy to note that the methodology is a novel and very basic approach that eliminates all the linearity assumptions in 
its formulation. The proposed methodology is simple to adopt, easy in calculations and gives very accurate results in linear as 
well as in nonlinear range of the material behavior.    
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2. Stress and Strain Functions 

In nonlinear analysis, structural element undergoes large deformation. Hence, it is necessary to accommodate the effect of 
area/volume changes. In the current state of art, Green-Lagrange strains and its energy conjugate Piola Kirckofs stress are used 
to eliminate the effect of rigid body motion of a finite element. Use of these energy conjugates only accommodate the effect 
when the element get strained i.e. deforms [4-10]. In this methodology stress and strain functions are directly derived from the 
stress-strain curve of the material and can be represented in terms of polynomials as follows 

1 2 2
1 2 2 1 0...........n n n

n n nr r r r r       
       (1) 

1 2 2
1 2 2 1 0...........n n n

n n nr r r r r       
       (2) 

Here degree of polynomials i.e. ‘n’ and constants 0 1, ..... n    and 0 1, ..... n    depend on the particular stress-strain curve. 

These functions can suitably be derived by the method of curve fitting. For convenience, these functions are derived such that 
they vary between the ranges of -1 to +1, very much like the Natural Coordinate system of a finite element [11-19].   
These stress and strain functions resemble with the energy conjugates of classical nonlinear analysis. True stress and true 
strains are used to accommodate the effect of large deformation in the nonlinear analysis. One dimensional problem of simple 
bar and cantilever beam bending problem are solved with the concrete material of grade C35 selected arbitrarily. For 
convenience, derivation of stress, strain and displacement functions are given in the appendix of this article. Experimental 
verification of results from this methodology is done with the torsion problem in which 0.1 % carbon steel is used.   

3. Methodology 

Analysis of a structural problem requires suitable structural idealization and modelling [20-36]. Accuracy of the solution 
required depends upon it. For solving any structural problem, principle of minimum potential energy is the natural choice. This 
approach is used for formulating this methodology for material nonlinear analysis [37-51]. For a structural problem, total 
potential of the system can be expressed as follows 

U W    (3) 

Here ‘Π’ is the total potential (energy) of the system which comprises of internal strain energy stored ‘U’ and external work 
done of the external loads. For getting the equilibrium equations of the system, total potential (Π) should be minimum i.e. 
δΠ=0, which is also called as stationarity condition. This condition gives a set of equilibrium equations depending upon the 
independent variables used for finding the solution of the structural problem. These equilibrium equations can be solved 
simultaneously in order to find the final solution of the problem. This approach can be summarized in the flowchart of fig. 1 
conveniently. 

4. Numerical Examples 

    For demonstrating the methodology and its basic approach, three problems are solved in this section. One dimensional 
problem of a simple bar and beam bending problem is solved for C 35 grade concrete adopted arbitrarily. Comparison of result 
is made with the linear theory of elasticity in these two cases. For experimental verification of the proposed methodology, 
torsion problem is solved by using steel material. Results of this problem are verified with experimental results obtained in the 
lab.       
 
4.1. One Dimensional Problem- Simple Bar Loaded Axially: 

    Let us take a bar of length ‘L’ and section dimensions ‘b’ and ‘h’ as width and depth respectively. It is loaded axially with 
load ‘F’ as shown in fig. 2. Global and Natural coordinate system are also shown in this figure. For the loading on the bar 
shown in fig. 2, it is reasonable to assume the stress distribution along the sectional area remains uniform and it also remains 
same along the length of the beam for all possible magnitudes of loads i.e. either linear or nonlinear range.  
For demonstrating the basic approach, let us say that the compressive load on the bar increases monotonically from zero to 
some specified maximum value ‘F’. For this loading condition, internal strain energy stored in the bar should be area under the 
stress-strain curve of fig. 20 and can be calculated as 

. .St En

V

U dV   (4) 

Since stress remains constant along each section 

. .St En

L

U A dx   (5) 

For C35 grade concrete, stress and strain functions are derived from stress-strain curve with the method of curve fitting. Please 
check appendix A for detailed derivation. Substituting stress ‘σ’ and strain ‘’ε’ functions from equations (28) & (29) in eq. (5). 
Internal strain energy becomes, 



A new stress based approach for nonlinear finite element analysis  
 

Journal of Applied and Computational Mechanics, Vol. 5, No. 3, (2019), 563-576 

565

  3 2
. . 14.5576667 20.1355 0.37683337 35.07 0.00199600334 0.001998St En

L

U A r r r r Jdr      (6) 

 

Fig. 1. Flow chart of nonlinear analysis 

 

Fig. 2. Bar with loading and support conditions 
 

Here J is the Jacobian. Since the bar is loaded axially with concentrated load, external work done ‘W’ can be calculated as 

.Ext WorkW Fu  (7) 

Substituting deformation (u) from eq. (30) in this equation. This deformation is derived from strain function. Its derivation is 
given in appendix B. 

 2
. 0.00099800167 0.001 0.0009 999 983398 9Ext WorkW F r r    (8) 

Hence, total potential of the system (П) is 

  

 

3 2

2

14.5576667 20.1355 0.37683337 35.07 0.001

0.0009999983

99600334 0.001998

0.00099800167 0.0019 398

L

A r r r r Jdr

F r r J

     

  


 (9) 

Applying stationarity δП=0 results in 

  
 

3 214.5576667 20.1355 0.37683337 35.07 0.00199600334 0.001998

0.00199600334 0.001998 0

A r r r r

F r

   

  
 (10a) 

or 

 3 214.5576667 20.1355 0.37683337 35.07
F

r r r
A

     (10b) 
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This equation forms the basic approach of this methodology. Looking close to this equation, it is just the force balance i.e. 
internal stress generated in the bar is corresponding to externally applied load. 

   
4.1.1. Stress Calculation 

Let us take b = 500 mm, h = 500 mm, L = 2 m and F= 8 MN 

 3 20.25 14.5576667 20.1355 0.37683337 35.07 8r r r     (11a) 

which yields 1 2 30.34219; 0.50501; 1.22033r r r    . Here, 1r  & 2r  lies within the range of natural coordinate system. 

From the engineering point of view, 1 0.34219r    is much more relevant to consider as it lies before the peak stress. Now, 

stresses can be obtained as 

     3 2
14.5576667 0.334219 20.1355 0.334219 0.37683337 0.334219 35.07         (11b) 

results in 32.00MPa  . 
 

4.1.2. Strain Generated in the Bar 

Strains generated in the bar can be calculated by eq. (29) as 0.00131362    
                                                           
4.1.3. Strain Energy 

Strain energy stored can be calculated by 
L

U A dx  . Since the bar is loaded with the constant load, ‘σ’ and 

corresponding strain ‘ε’ will have some constant values and could not be integrated through. Hence, the strain energy for this 

loading condition can be calculated as 
L

U A dx A L   . Substituting the values of ‘σ’ and ‘ε’ gives 

  3 214.5576667 20.1355 0.37683337 35.07 0.00199600334 0.001998U AL r r r r      (12a) 

Substituting the value of area ‘A’, length ‘L’ and 1 0.34219r    

      
  

3 2
0.25 2 14.5576667 0.34219 20.1355 0.34219 0.37683337 0.34219 35.07

0.00199600334 0.34219 0.00199  0.02102 Mega J u e8 o l

U       

  

 
 (12b) 

 
4.1.4. Deformation of the Bar 

Displacements at the point of application of load can be found by energy equivalence i.e. internal energy stored should be 
equal to work done by external load. Hence, 

Force x Displacement = Strain Energy Stored (13a) 

or 

  StrainEnergy
Displacement u =

Load
 (13b) 

For F= 8 MN 

  0.02102
Displacement u =

8
u  0.0026275 m   (13c) 

The same analysis is repeated for different loading conditions that the material can sustain and the results are compared with 
the linear theory elasticity in figures 3, 4 & 5. For the comparison purpose, Modulus of elasticity is taken as 28042.021 MPa 
which is calculated from the true stress-strain diagram within the linear range. 
Looking close to results of figures 3, 4 and 5, it can be observed that the proposed methodology is capable of giving accurate 
results i.e. according to the material behaviour (stress-strain curve) in linear as well as in nonlinear range of the material 
behaviour. This could be ralized by comparing the results with the stress-strain graph of the material (fig. 19). It is to be 
noticed that till the loading of magnitude 7 MN, the stresses remain in elastic region. After that, stresses enters in nonlinear 
range of the material behaviour.     
 
4.2. Cantilever Beam Bending 

   For further exploring the usage of the methodology, a two dimensional problem of cantilever beam bending is solved (fig. 
6). 
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Fig. 3. Strain variation in the bar for different loading condition Fig. 4. Strain energy stored in the bar for different loading condition 

 

Fig. 5. Deformation in the bar for different loading condition 

 

Fig. 6. Cantilever beam with concentrated load at free end 
 
   For solving this problem, structural idealization is considered same as in classical bending theory. For this cantilever beam, 
for the given loading, bending moment will vary along the length with the relation, xM Fx . Bending moment is zero at free 

end and will be maximum at the fixed end. Let us suppose that the load ‘F’ increases such that the stresses in the beam enters 
in the nonlinear range. Stress variation within the beam for this magnitude of load can be visualized with the help of figures 7 
& 8. 

 

 
Fig. 7. Variation of stress along the depth at different sections of the 

beam 
Fig. 8. Variation of stress across depth of the beam at any particular 

section 
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At any particular section, stresses will be zero at neutral axis and will keep on increasing towards the outer layer (increasing 
depth).  If the bending moment at that section increases such that the stress enters in the nonlinear range, then variation of 
stresses along the depth of the section will be represented exactly as shown in fig. 8. Along the length of the beam, stress 
variation can be visualized in fig. 7. Although concrete behave differently in compression and tension but for the purpose of 
comparison of results, this stress variation is considered as same in both loading cases. In the cantilever beam, let us say xM  
is the moment at any particular section. If x  is the stress in a layer at depth ‘y’ from the neutral axis, then xM at that section 

can be computed as 

x x

A

M ydA   (14a) 

or 

/2/2 2 2

/2 /2
2 4

hh

x x x x x

A h h

y bh
M ydydz b ydy b   



 

 
    

 
   (14b) 

hence                           

2

4x x

bh
M   (15) 

It is to be noticed that in deriving this equation, there is no linearity assumption is used so far.  
 
4.2.1. Calculation of Stresses in the Beam    

   Let us take F = 0.1 MN, L = 2 m, b = 300 mm and h = 400 mm. Bending moment at any section can be calculated by eq. 
(13). Substituting this xM in equation (15), maximum stress generated at the extreme fiber can be calculated as 

24 / ( ) 16.66667x xM bh MPa    

 
4.2.2. Calculation of Bending Energy 

   Substituting the value of stress function ( x ) from equation (28) 

3 216.66667 14.5576667 20.1355 0.37683337 35.07r r r     (16a) 

Solving this relation gives 0.76171r   . Now, bending energy stored in the beam can be calculated as 

.Ben Energy

V

U dV   (16b) 

 

Fig. 9. Bending energy stored in the cantilever beam for different 
loading conditions 

Fig. 10. Displacement at the free end of the beam for different loading 
conditions 

Considering stress variation as explained above and substituting the values of ‘σ’ and ‘ε’ from equations (28) & (29) (in the 
Appendix) 

  3 2

1

2 14.5576667 20.1355 0.37683337 35.07 0.00199600334 0.001998
r

BendingU bL r r r r dr


      (17) 

Here ‘2’ is multiplied because the integration limit counts only for the energy either in compression zone or tension zone (fig. 
7). Substituting the values of ‘b’, ‘L’ and ‘r’ yields  
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0.76171

3 2

1

2 0.3 2 14.5576667 20.1355 0.37683337 35.07 0.00199600334 0.001998

0.000791

BendingU r r r r dr

MJ





      



  (18) 

Analysis is repeated for different loading conditions. Displacement is calculated by energy equivalence i.e. eq. (12) and the 
results are plotted and compared in figures 9 & 10. From the results of figures 9 and 10, it is to be noticed that stress in the 
beam enters in nonlinear range after the magnitude of load 0.18 MN. After this loading, deformation and strain energy 
increases tremendously. This is because modulus of elasticity i.e. slope of the stress-strain curve reduces hence it reduces the 
stiffness of the structure.  
  
4.3. Torsion Problem 

Torsion problem is solved for the purpose of experimental verification of results obtained from this methodology. So far, 
the results of the two problems were verified/compared with the linear strength of material theory. A steel speciment containing 
0.1% carbon (230M07) with following dimensions was loaded with torsional load in the lab. 

 

Fig. 11. Geometric dimensions of the sample tested for torsion test [52]. 

The mechanism of the equipment was such that if the specimen is twisted, the machine reads the torsional load experienced by 
the specimen. The specimen was twisted till the fracture occurs. 

 

Fig. 12. Specimen after fracture in torsion [52]. 

From the laboratory readings, shear stress – strain diagram was plotted (fig. 13). It is to be noticed that the specimen 
experienced large shear strain of 1.37 before the material finally fractures. Maximum or peak shear stress was noticed as 
488.7945 PMa at the shear strain of 0.0810. As from the engineering design point of view, maximum load carrying capacity is 
important [53] Following shear stress and shear strain functions are derived till this peak stress range of the material by the 
method of curve fitting. These are derived from the experimental values of load versus rotation/twisting of the specimen. 

6 5 4 3 2436.233367 565.6648829 219.5821575 386.9063697 38.64758208 79.31173608 486.0672653r r r r r r          (19a) 

0.0401770001 0.04017700006r    (19b) 
 

  
Fig. 13. Shear stress – shear strain diagram obtained from the lab 

experiment 
Fig.14. Mapping of shear stress within natural coordinate system 
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Variation of stress function can be viewed in the fig. 14. In this figure, this variation is also compared with the experimental 
behaviour. It is to be noticed that its variation rages between -1 to +1. As realizing stress distribution with the structural body is 
important to apply this methodology. For this torsional problem, structural idealization and modelling assumptions are 
considered same as conventional strength of material theory for torsion. At the moment twisting load enters in the nonlinear 
range, it is reasonable to consider stress distribution along the length as well as along the section as shown in figures of 15 and 
16.   

 

Fig.15. Circular Shaft with a couple acting at the free end 
 

4.3.1. Equilibrium Equation 

Let us derive the torsional force generated by the stress distribution along the section as shown in fig. 16. 

  

Fig.16. Stress distribution along the circular section Fig.17. Cross-section of the circular shaft 

Figure 17 shows the section of the circular shaft considered for this problem. At a radial distance of ‘ρ’, force associated with 
this small strip of width ‘dρ’ can be calculated as 

Force Stress Area   (20a) 

or 
  

' .2 .Force d    (20b) 

Now, torque because of the load can be calculated as 

Torque = Force x distance (21a) 

Hence, 

' ' ' 2.2 . . .2 .T d d         (21b) 

Total torsional force throughout the section because of this stress distribution shown in figure 16 can be calculated as 

'
' ' 2 3

0 0

2
2T d d

     


    (22a) 

or 

' 'T

J




  (22b) 

Where 3

0
2

R
J d     is polar moment of inertia of the circular section. Hence 
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' T

J
   (23a) 

At the top layer of the shaft 

T
R

J
   (23b) 

It is to be noticed that no linearity assumption is used so far in deriving this equation. This equation is able to calculate the 
maximum stress generated in the shaft. Hence the value of ‘r’ in the natural coordinates system of finite element.  

 
4.3.2. Shear Stress 

Substituting stress function (‘τ’) from eq. (18) into eq. (23) 

6 5 4 3

2

436.233367 565.6648829 219.5821575 386.9063697

38.64758208 79.31173608 486.0672653

T
R r r r r

J

r r

    

  

 (24a) 

Apply a torsion (T) = 18.23 N-m 

6 5 4 3 2
3

0.00001823 2
436.233367 565.6648829 219.5821575 386.9063697 38.64758208

0.003
79.31173608 486.0672653

r r r r r

r



     


 

 (24b) 

or 

6 5 4 3 2429.83624 436.233367 565.6648829 219.5821575 386.9063697 38.64758208

79.31173608 486.0672653

r r r r r

r

     
 

 (24c) 

Solving this equation yields 0.74318r   . 
 

4.3.3. Shear Strains 

Shear strain corresponding to loading could be calculated as  0.0401770001 0.04017700006r   . Substituting the 

value of ‘r’ from above calculation results in 0.01032  . 

 
4.3.4. Rotation 

Rotation of the shaft can be calculated as 

r

L

   (25a) 

or 

0.01032 0.0762
 

0.003
0.262128 rad

L

R

 
   (25b) 

The analysis is repeated for different loading conditions and the results are verified with the experimental results. These results 
can be viewed and compared in the fig. 18. 

 

Fig. 18. Rotation of the specimen for different magnitudes of torque 
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From the results of the torsion problem, it can be concluded that the methodology is capable of giving very accurate results in 
linear and nonlinear range of the material behaviour if stress and strain functions are derived properly/accurately with the 
stress-strain graph of the material.  

5. Conclusions: 

It can be concluded that the proposed approach for material nonlinear analysis is very basic and is capable of giving very 
accurate results according to the material behavior i.e. stress-strain behavior. It needs no approximation. This analysis approach 
is novel approach that needs no approximation and eliminates the use of tedious step by step and then iterative procedure 
adopted classically for solving a nonlinear analysis problem. The only possibility of incurring error in this approach is in 
deriving stress and strain functions. If stress and strain functions are derived very accurately according the material behavior, 
this methodology will give very accurate results. It is to be noticed that this methodology eliminates all the linearity 
assumptions in the basic derivations of expressions and equations for which we are accustomed to use till date, hence, 
minimizing error in the solution of a structural problem. Linear behaviour of the material i.e. stress –strain graph, specifically 
for the brittle material such as concrete, is just an approximation to make simplification in the analysis. Slope of stress strain 
curve changes at each point, specifically for brittle materials (fig. 19). For the ductile material, it remains almost constant in the 
linear range (fig. 13). Once the stress strain functions are properly derived from stress- strain curve of the material, this 
methodology gives very accurate results according to the real material behaviour. It should also be noticed that this 
methodology is basically stress based analysis. Displacement based analysis leads towards solving a nonlinear differential 
equation which is mathematically very difficult to solve. This methodology could suitable be applied for 3D continuum 
problems as well if once stress distribution within the body is realized/defined with suitable structural idealization and 
modeling assumption. The use of proposed methodology could suitably be extended for the hyperelastic material models as 
well. 
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APPENDIX – A: Derivation of Stress and Strain Functions for C 35 Grade Concrete 

For deriving stress and strain function, following stress-strain diagram for C 35 grade concrete is adopted. This stress –
strain behavior for C 35 grade concrete is derived based on the following assumption: 

 At zero stress, strain is zero, 
 Stress varies linearly till the strain of 0.001,  
 Maximum stress is attained at the strain of 0.002, 
 Material fails at the strain of 0.004 (rupture stress) 

 

 

Fig. 19. Engineering stress- engineering strain diagram of C35 grade concrete 
 
   These assumptions are normal behavior of concrete material. These engineering stress (σ) and engineering strain (ε) are 
first of all converted to true stress and true strain with the following relations 

 1T     (26) 

 ln 1T    (27) 

Coordinated of these true stress and true strains are then mapped with natural coordinate system as shown in table 1. 

Table 1. Mapping of stresses and strains in natural coordinates 

Natural coordinate (r) Engineering Stress (σ) Engineering Strain (ε) True Stress ( T ) True Strain ( T ) 

-1 0 0 0 0 

-0.5 
Calculated from the standard stress- strain 

relations available in literature 
0.001 28.028 0.0009995 

0 Maximum stress 0.002 35.07 0.001998 
+1 Rupture stress 0.004 29.869 0.00399202 

With the method of curve fitting, stress and strain functions are derived as follows 
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3 214.5576667 20.1355 0.37683337 35.07r r r      (28) 

0.00199600334 0.001998r    (29) 

Degree of the polynomial depends on the accuracy desired. Since only four coordinate points are known for deriving the 
functions, third order polynomial has given suitable accuracy of representing stress function. True stress and true strain 
variation within the natural coordinate system can be viewed in the figure 20 and 21. 

 

Fig. 20. Variation of true stress function in natural coordinate system of the element 

 

Fig. 21. Variation of true strain function in natural coordinate system of the element 

APPENDIX – B: Derivation of Deformation Function 

Strain function expressed in eq. (29) can be written as 

0.00199600334 0.001998
du

r
dr

     (30) 

Further resolving the strain function 

 0.00199600334 0.001998du r dr   (31) 

Taking integration of both sides 

 0.00199600334 0.001998u r dr   (32) 

Integrating 

20.00099800167 0.001998u r r C    (33) 

At r = -1, u =0, hence 

   2
0 0.00099800167 1 0.001 0.000999998 3998 1 3CC       (34) 

Hence 

20.00099800167 0.0 0.000999998301998 3u r r    (35) 

This variation of deformation can be visualized in the fig. 22 within the range of natural coordinates. 
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Fig. 22. Deformation function in natural coordinate system 
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