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Abstract. The present study investigates buckling characteristics of both nonlinear symmetric power and sigmoid 
functionally graded (FG) beams. The volume fractions of metal and ceramic are assumed to be distributed through 
a beam thickness by the sigmoid-law distribution (S-FGM), and the symmetric power function (SP-FGM). These 
functions have smooth variation of properties across the boundary rather than the classical power law distribution 
which permits gradually variation of stresses at the surface boundary and eliminates delamination. The Voigt model 
is proposed to homogenize micromechanical properties and to derive the effective material properties. The Euler-
Bernoulli beam theory is selected to describe Kinematic relations. A finite element model is exploited to form 
stiffness and buckling matrices and solve the problem of eignivalue numerically. Numerical results present the 
effect of material graduations and elasticity ratios on the buckling behavior of FG beams. The proposed model is 
helpful in stability of mechanical systems manufactured from FGMs. 

Keywords: Static Stability; Buckling; Functional graded materials; Symmetric Power-Law; Sigmoid Function; Finite Element. 

1. Introduction 

Functionally graded materials (FGMs) are a special class of composites, which are microscopically inhomogeneous, and 
their mechanical properties vary smoothly and continuously from one side to another. FGMs have many advantages over 
classical materials such as high resistance to large temperature gradients, reduction of stress concentration, higher bonding 
strength and so on. Therefore, FGMs have been applied extensively in many applications, especially where large temperature 
gradients are encountered. Furthermore, FGMs are being used increasingly in many applications such as aircraft industry, 
space vehicles, reactor vessels, automobile, electronics, optics, chemistry, biomedical engineering, nuclear engineering, and 
mechanical engineering [1].  

When a slender structure such as a beam is compressed axially, it deforms with hardly any noticeable change in geometry. 
By increasing the axial load to a critical value, the beam structure suddenly experiences a large deformation and it may lose its 
ability to carry the load. At this stage, the structure is considered to have geometry instability which is known as buckled [2]. In 
designing the beam structure, it is important to consider buckling stability that is based on the strength and stiffness of the 
material.  

A brief overview of recent works about static buckling and stability analysis of functionally graded structures using power 
law distribution is presented as follows. Reddy [3] presented a theoretical formulation and finite element models based on the 
third order shear deformation of the functional graded plate theory to investigate the buckling behavior of these structures. 
Rastgo et al. [4] discussed the buckling of functionally graded material curved beams under linear thermal loading. They 
studied both in-plane and out of plane buckling of curved beams. Alshorbagy et al. [5] investigated the free vibration 
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characteristics of P-FGM distributed through beam thickness or beam length using FEM. Kocaturk and Akbas [6] analyzed the 
post-buckling of functionally graded Timoshenko beams subjected to thermal loading by using the total Lagrangian 
Timoshenko beam element approximation. Eltaher et al. [7] investigated the size-dependent static-buckling behavior of 
functionally graded (FG) nano-beams on the basis of the nonlocal continuum model. Li and Batra [8] derived analytical 
relations between the critical buckling load of a FGM Timoshenko beam and that of the corresponding homogeneous Euler–
Bernoulli beam subjected to the axial compressive load. Fu et al. [9] studied the longitudinal crack effect on the buckling 
behavior of functionally graded beams. Akbaş and Kocatürk [10] and Kocatürk and Akbaş [11] studied the post-buckling 
behavior of temperature-dependent and position-dependent functionally graded beam structures by using the finite element 
method.  

Eltaher et al. [12] proposed new beam elements to handle mechanical behavior of size-dependent nano-beams on the basis 
of the higher order gradient model. Ebrahimi and Salari [13] investigated the thermo-electrical buckling characteristics of 
functionally graded piezoelectric (FGP) Timoshenko nano-beams under the effect of in-plane thermal loads and the applied 
electric voltage. Fu et al. [14] studied the thermal buckling and post-buckling of functionally graded tubes whose material 
properties are temperature-dependent based on a refined beam model. Ghiasian et al. [15] presented dynamic buckling and 
imperfection sensitivity of the FGM Timoshenko beam subjected to a sudden uniform temperature rise. Amara et al. [16] 
studied the post-buckling analysis of functionally graded beams using various nonlinear beam models. Rezaiee-Pajand and 
Masoodi [17] derived exact free vibration and buckling solution of functionally graded material tapered beam-columns 
considering semi-rigid connections. Kiani [18] presented analytical post-buckling solution of elastic slender nano-structural 
beams by considering both surface energy and nonlocality effects and using the Euler-Bernoulli beam theory. Maleki and 
Mohammadi [19] analytically investigated the stability analysis of cracked functionally graded material (FGM) columns under 
the effect of piezoelectric patches and based on the assumptions of the Euler–Bernoulli theory.  

According to Ben-Oumrane et al. [20], it is observed that the stress concentrations appear in the interface layer when the 
material is continuous changing rapidly for both power and exponential functions distribution. Therefore, Chi and Chung [21] 
suggested the sigmoid function that included a combination of two types of P-FGM functions to reduce the stress intensity 
factors in the cracked structure. In addition, structures that have ceramic constituent at top and bottom surfaces and have 
metallic cores, can sustain a higher temperature more than power and exponential FGM. Ben-Oumrane et al. [21] analyzed 
theoretically a flexional bending of Al/Al2O3 S-FGM thick beams according to different beam theories. Mahi et al. [22] 
presented exact solutions to study the free vibration of a unified higher order shear deformation theory. Material properties 
were proposed to be temperature-dependent, and vary continuously through the thickness according to E-FGM and S-FGM. 
Fereidoon et al. [23] exploited the differential quadrature method to analyze bending of thin functionally graded plates. Duc 
and Cong [24] investigated the nonlinear dynamic response of imperfect symmetric thin sigmoid functionally graded material 
(S-FGM) subjected to mechanical loads. Lee and Kim [25] studied the thermal post-buckling and snap-through instabilities of 
P-FGM, E-FGM and S-FGM panels in hypersonic flows. Jung and Han [26] illustrated bending behavior of nonlocal S-FGM 
nano-plates with the first-order shear deformation. Akbaş [27] presented the post-buckling analysis of an edge cracked 
cantilever beam composed of FGM subjected to axial compressive loads by using the total Lagrangian Timoshenko beam 
element approximation. Akbaş [28] studied post-buckling analysis of an axially functionally graded (AFG) cantilever beam 
subjected to an axial non-follower compression load. Ebrahimi and Salari [29] presented an analytical model to study the 
dynamic behavior of piezo-thermo-electrically affected sigmoid and power-law graded nanoscale beams. Hamed et al. [30] 
investigated the free vibration behavior of symmetric and sigmoid functionally graded nano-beams. Swaminathan and 
Sangeetha [31] presented a review of various modeling techniques and solution methods used in the thermal analysis of FGM 
plates.  

According to the higher order shear deformation and the trigonometric function, Yahia et al. [32] developed various higher-
order shear deformation plate theories for wave propagation in functionally graded plates including porosities occurring inside 
functionally graded materials (FGMs) during fabrication. Atmane et al. [33] presented a free vibration analysis of FG metal-
ceramic beams by considering porosities using a simple displacement field. Attia et al. [34] exploited refined plate theories to 
analyze vibration of temperature-dependent functionally graded (FG) plates by dividing the transverse displacement into 
bending and shear parts. Beldjelili et al. [35] studied the hygro-thermo-mechanical bending behavior of the sigmoid 
functionally graded material (S-FGM) plate resting on variable two-parameter elastic foundations. Bouderba et al. [36] 
developed and validated a simple first-order shear deformation theory of the thermal buckling response of functionally graded 
sandwich plates with various boundary conditions. Bousahla et al. [37] presented a four-variable refined plate theory for the 
buckling analysis of functionally graded plates subjected to uniform, linear, and non-linear temperature rises across the 
thickness direction. Boukhari et al. [38] studied the wave propagation analysis of an infinite functionally graded plate in the 
presence of thermal environments and an efficient shear deformation theory was developed by dividing the transverse 
displacement into bending and shear parts. Bellifa et al. [39] developed a new first-order shear deformation theory for bending 
and dynamic behavior of functionally graded plates. Houari et al. [40] developed a new simple higher-order shear deformation 
theory for bending and free vibration analysis of functionally graded (FG) plates including a sinusoidal variation of transverse 
shear strains through the thickness of the plate. Chikh et al. [41] examined the thermal buckling analysis of cross-ply laminated 
composite plates by using a new displacement field which introduced undetermined integral terms and contained only four 
unknowns. Besseghier et al. [42] investigated the free vibration analysis of size-dependent functionally graded (FG) nano-
plates resting on the two-parameter elastic foundation based on a novel nonlocal refined trigonometric shear deformation 
theory. Bellifa et al. [43] developed a nonlocal zeroth-order shear deformation theory for the nonlinear post-buckling behavior 
of nanoscale beams. 

To the authors’ best knowledge, there is no work reported in the literature to study the buckling behavior of symmetric and 
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antisymmetric sigmoidal functionally graded beams by using the finite element method. Thus, the present paper fills this gap. 
The manuscript is organized as follows. Section 2 describes the mathematical formulation and governing equations of 
functional graded Euler-Bernoulli beams. Section 3 summarizes the displacement finite element model to study a buckling 
stability of FG beam. In section 4, a code validation and numerical results are discussed. Section5 summarized concluding 
remarks. 

2. Problem Formulation 

In this section, the microstructural Voigt model is proposed to derive the equivalent macro-mechanical properties 
distributed through the thickness direction. The static equilibrium equation of functionally graded material is derived based on 
the Euler-Bernoulli assumptions and linear elasticity.  

2.1 Macro-Mechanical Properties 

Voigt rule is the simplest homogenization technique used to estimate the effective properties at micro-mechanical level 
which are derived by Mori and Tanaka [44], Tomota et al. [45], and Li et al. [46]. Komijani et al. [47] assumed that the volume 
fraction of FG materials can be expressed as: 
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in which cV  and mV  are the volume fraction of ceramic and metal, respectively. n is a positive power exponent which 

describes the distribution of material through the thickness direction. The first and simplest one is the power law function P-
FGM which is described by [5], [12], [30], and [48]. 
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where P  is the equivalent macro-mechanical material properties such as Young modulus, shear modulus, Poisson’s ratio, 
thermal conductivity and density. The adopted symmetric power-law function SPFGM has the following form [30]. 
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 The sigmoid anti-symmetric function SFGM is composed of two power-law functions as follows: 
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The distribution of effective macro-mechanical properties through the beam thickness for power-law (PFGM), sigmoid 
antisymmetric function (SFGM) and symmetric power law (SPFGM) distributions are presented in Fig. 1, where the value of 

/ 5c mP P  . 

The power function distribution shown in Fig. 1a presents the increase in the value of equivalent property as the power 
index increases from 0.25 (metal rich phase) to n=5 (ceramics rich phase). The rapid change in the value of equivalent macro-
mechanical property is the main feature of this function at beam thickness boundaries especially at extreme values of n. 
Therefore, according to Eltaher et al. [7], the mid-plane is not coincident with the neutral plane. Antisymmetric distribution of 
the sigmoid function is presented in Fig. 1b which illustrates a smooth variation of equivalent macro-mechanical properties 
through the thickness. Fig. 1c&d presents the symmetric power distribution of equivalent macro-mechanical property through 
thickness for ceramic-metal-ceramic and metal-ceramic-metal distributions. It is clear that, the abrupt change occurs in the core, 
which has low strains and thus lower stress. 

 

2.2 Governing Equilibrium Equations 

Based on the kinematic assumption of Euler-Bernoulli, that states plane section normal to the neutral axis before 
deformation remain (a) plane, (b) rigid, and (c) rotate such that it remains perpendicular to the deformed axis after deformation. 
The assumptions amount to neglecting the Poisson effect and transverse strains (Reddy [49]). Delale and Erdogan [50] proved 
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that the effect of Poisson’s ratio on the deformation is much less than Young’s modulus. Therefore, the Poisson’s ratio is 
assumed to be constant in this analysis. The displacement field at any generic point can be assumed as: 

     0
0,

dw x
u x z u x z

dx
   (8) 

   0,w x z w x  (9) 

  
a) Power-law function b) Sigmoid antisymmetric function 

  
c) Symmetric power law (Ceramic-Metal Ceramic) d) Symmetric power law (Metal-Ceramic-Metal) 

Fig. 1. The variation of Material Property through the beam thickness. 

In which u is the in-plane displacement and w is the transverse displacement. 0u  and 0w denote the axial and transverse 

displacements of a point on the neutral axis. According to Euler-Bernoulli assumptions, the nonzero axial strain can be 
described as: 
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where 0
xx is the strain due to axial deformation, and xk is the strain due to bending. According to Hookain elasticity, the 

nonzero normal stress can be depicted as: 

        0, ,xx xx xx xx z E z x z E z zk        (11) 

 in which  E z  is the equivalent macro-mechanical Young modulus of the function graded material that described by Eqs. 3, 

4, 5, 6 or 7. The axial and bending moment resultant across the beam section can be written as: 

0
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in which A  is the in-plane stiffness, B is the axial-bending coupling stiffness, and D  is the bending stiffness. These 
stiffness coefficients can be calculated by: 
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 According to Hamilton’s principle, the equation of motion of functionally graded beams can be derived in terms of
 the force resultants as [30]: 
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 where f is the axial distributed force in x-direction,  q  is the transverse distributed force in z-direction, and N is the axial 

compressive load normal to the cross section and applied at the neutral axis. By substituting Eqs. 12 and 13 into Eqs. 15 and 16, 
equilibrium equations in terms of displacement filed can be represented by: 
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3. Finite Element Formulation 

The displacement components of a beam-element can be described as in-plane and transvers components [5], 
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 where ,U W and   are the nodal displacements and slope, respectively. iN  is the Lagrangian interpolation function for 

in-plane displacements, and kN  is Hermetian interpolation shape function for transverse displacements. The variational 

statement of the functionally graded Euler-Bernoulli beam has the following form: 
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By substituting Eqs. (19 &20) into Eq. (21) and integrate over the domain, the following equilibrium equation is derived: 

 Ys GK Y K F Q    (22) 
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 where SK is the stiffness-matrix of FG beam,  GK  is the geometrical stiffness matrix, Y is the generalized 

displacement vector,  F  and Q are the distributed force vector and concentrated force vector, respectively. The element 
matrices and force vectors can be represented by:  

 Element stiffness matrix can be calculated by: 

s u w uwK K K K    (23) 
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 The element geometrical stiffness matrix can be represented by: 
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 The force vector 
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 For the buckling analysis, the right-hand side of Eq. (22) is set equal to zero, and the governing equations turn to be an 
eigenvalue problem. The buckling load is given by: 

   Y Ys i i G iK K        (29) 

 where an eigenvalue i  represents a buckling load at i , and iY  is the eignvector or mode shape of the buckling load. The 

non-dimensional buckling load is computed by the following formula: 
2

i i
m

L

E I
   (30) 

 In which L is the beam length Young modulus of metal constituent, and I is the area moment of the beam cross section.  

4. Numerical Results 

 At First, the proposed model and code is validated by previous peer works. Then, parametric studies and numerical results are 
presented to illustrate the effects of material graduation, functional distribution, and elasticity ratio on the buckling loads of the 
simply supported functionally graded beam. The beam is manufactured through graduation of steel metal with Young 
modulus=210 GPa and aluminum oxides AL2O3. 

4.1 Validation 

The non-dimensional critical buckling load of power functionally graded beam is presented in Table 1. As shown, the 
buckling load is increased as the material changes from pure metal to rich ceramics due to increasing of the beam rigidity. As 
shown in Table 1, the results of the current study are compared with those of Eltaher et al. [7]. It should be noted that the 
results are approximately identical and the maximum error is 0.5%, which may be due to the machine specification.  

 

4.2 Effect of material function distribution  

The variation of the buckling load with material graduation exponents at different function distribution is presented in Fig. 
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2. As shown, different functions give different behaviors with material exponent. In case of power function and symmetric 
power function with a metal core, the buckling load increases by increasing the material graduation exponent. In case of 
sigmoid function, the buckling load is insignificant in the variation of material graduation exponent. However, the symmetric 
power with a ceramics core, the buckling load is decreasing gradually by increasing the material parameter. This behavior is 
shown due to the decrease in the amount of ceramics constituent with material exponents. 

Table 1. Non-dimensional critical buckling of PFGM  

Material 
Graduation index 

Critical Buckling Load 
Error% 

Present Eltaher et al. [7] 
Full Metal (n=0.0) 9.8696 9.8620 0.077004 

n=0.2 11.5792 11.6594 0.692621 
n=0.5 12.9537 12.946 0.059442 
n=1.0 14.0173 14.0775 0.429469 
n=2.0 14.8710 14.8474 0.158698 
n=5.0 15.8779 15.7748 0.64933 

 
Fig. 2. The effect of function distribution on the non-dimensional buckling load. 

 

4.3 Effect of Elasticity ratio  

The effect of elasticity ratio and material graduation at a specific function are presented in Tables 2-5. The power function 
distribution presented in Table 1 illustrates that the increase in the power exponent or in the modulus ratio tends to increase the 
buckling loads. As the material graduation exponent increases from 0.2 to 0.5, the buckling load increases with the percentage 
of 13.5%; however, increasing the modulus of elasticity ratio from 2 to 3 increases the buckling load with the percentage of 
16.5%.  

Table 3 presented the effect of elasticity ratio and power exponent on the buckling load in case of anti-symmetric sigmoid 
power function. As can be seen, the material graduation exponent does not have a significant effect on the buckling; however, 
the increasing in the elasticity ratio tends to increase the buckling load. As the ratio of elasticity increases from 2 to 3, the 
buckling load increases with percentage of 33.1%. Therefore, it can be concluded that the elasticity ratio is more significant in 
the sigmoidal distribution function than the classical power function.  

In case of symmetric power function with a soft core, the increase in both elasticity ratio and power exponent tends to 
increase the buckling load. As the case in hand, the buckling load increases with the percentage of 7% as the graduation 
exponent increases from 0.2 to 0.5. Moreover, the buckling load increases with the percentage of 6% as the elasticity ratio 
increases from 2 to 3. It can be concluded that the elasticity ratio and the power exponent have the same weight effect on the 
buckling load. 

The effect of elasticity ratio and the material graduation parameter in case of symmetric power function with a hard core is 
presented in Table 5. As can be seen, the material exponent has adverse effects on the buckling load in comparison to the 
elasticity ratio. As the power exponent increases from 0.2 to 0.5, the buckling load decreases with the percentage of 4.2%. 
Conversely, as the material elasticity ratio increases from 2 to 3, the buckling load increases with the percentage of 50%.  

 
Table 2. The effect of elasticity ratio and power exponent on non-dimensional buckling load for PFGM 

E1/E2 k=0.2 k=0.5 k=0.7 k=1.0 k=2.0 k=5 k=10 
2 11.8605 13.4589 14.0826 14.6973 15.6954 16.8755 17.7898 
3 13.8076 16.9462 18.1783 19.4039 21.4306 23.8472 25.6978 
4 15.7218 20.3704 22.2076 24.0491 27.1292 30.8084 33.6025 
5 15.7218 20.3704 22.2076 24.0491 27.1292 30.8084 33.6025 
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Table 3. The effect of elasticity ratio and power exponent on non-dimensional bucking load for SFGM 

E1/E2 k=0.2 k=0.5 k=0.7 k=1.0 k=2.0 k=5 k=10 
2 14.7906 14.7528 14.7284 14.6973 14.6338 14.578 14.5611 
3 19.6977 19.5812 19.5042 19.4039 19.1914 18.9948 18.9336 
4 24.5989 24.3849 24.2406 24.0491 23.6297 23.2244 23.0946 
5 29.4972 29.1751 28.9544 28.6573 27.9884 27.3178 27.0978 

 
Table 4. The effect of elasticity ratio and power exponent on non-dimensional buckling load for SPFGM (CMC) 

E1/E2 k=0.2 k=0.5 k=0.7 k=1.0 k=2.0 k=5 k=10 
2 10.4865 11.2795 11.7368 12.337 13.8174 16.0381 17.4616 
3 11.1033 12.6895 13.604 14.8044 17.7653 22.2066 25.0536 
4 11.7202 14.0994 15.4713 17.2718 21.7131 28.3751 32.6456 
5 12.337 15.5094 17.3385 19.7392 25.661 34.5436 40.2376 

 
Table 5. The effect of elasticity ratio and power exponent on non-dimensional buckling load for SPFGM (MCM) 

E1/E2 k=0.2 k=0.5 k=0.7 k=1.0 k=2.0 k=5 k=10 
2 19.1224 18.3293 17.872 17.2718 15.7914 13.5707 12.1472 
3 28.3751 26.7889 25.8744 24.674 21.7131 17.2718 14.4248 
4 37.6279 35.2486 33.8768 32.0762 27.6349 20.9729 16.7024 
5 46.8806 43.7083 41.8791 39.4784 33.5567 24.674 18.98 

5. Conclusions 

In the present study, the static stability buckling analysis of the functionally graded simply-supported Euler–Bernoulli beam 
is examined. Three distribution functions are assumed to describe the variation of metal and ceramics phases through the beam 
thickness. The three functions include the power function, the anti-symmetric sigmiod function, and the symmetric power 
function. The symmetric power function assumed two cases of distribution which are metallic core and ceramic core. The 
equilibrium equations and the finite element model are derived. The eigenvalue problem is solved by using MATLAB software. 
The model and results are validated based on the previous work. Numerical results show significant effects of the elasticity 
ratio and the material distribution exponent on the buckling stability.  

Results indicate that the elasticity ratio has the same effect (increasing) on the buckling load at any material distribution 
function. The elasticity ratio is most significant in case of symmetric power function with the ceramic constituent phase. The 
variation of buckling load with respect to the power exponent is dependent mainly on the type of function distribution. The 
buckling load changes proportionally with the power exponent of the power function and the symmetric power function with a 
metallic core. In case of sigmoid function, the buckling load is not dependent on the material graduation.  
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